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Abstract 



Let Z^*^" be the S-manifold invariant of |LMO|. It is shown that Z^^'^\M) 



1, if the first Betti number of M, bi{M), is greater than 3. If bi{M) — 3, then 
Z^'^'-'{M) is completely determined by the cohomology ring of M. A relation of 
^LMO lY^Q Rozansky-Witten invariants Z^^[M] is established at a physical 
level of rigour. We show that Z|^[M] satisfies appropriate connected sum proper- 
ties suggesting that the generalized Casson invariant ought to be computable from 
the LMO invariant. 
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1 Introduction 

In [W], E. Witten explained the Jones polynomial using physics. In doing so, he intro- 
duced mathematicians to the partition function Zq^j^{M, L) of the topological quantum 
field theory associated to the Chern Simons action, for a Lie group G and coloured^ 
link L C M. Its physical definition is given by a Feynman path integral over the infinite 
dimensional space of connections]^ 

In general, one expects that topological field theories defined using the path integral, 
or perturbative versions of these, can be given a rigorous definition through surgery 

^By coloured link, one means that to each link component, one associates a representation of G 
^The connections are on an underlying principle G-bundle lying over Al. 
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formulae, just as is the case for other quantum invariants, such as the Reshetikhin- 
Turaev |RT] invariants, Zq^, or the more recent universal invariant Z^^^^ , of T. Le, 

J. Murakami, and T. Ohtsuki |LMO] and the Arhus invariant, Z^, |BGRT]. Invariants 
have also been given through integral formulae, as is the case for the Kontsevich integral 
Z^ (see 0), the Bott-Taubes invariant Z^'^ , poli| ], ]AF] ], and the invariant Z^^ 
of Bott and Cattaneo ^Cf, |Ap. (It is conjectured that Z^ = Z^^.) 



Our intent in this paper is to study the invariant Z^^'^^{M). Z^^^^ {M) lies in ^(0), 
the vector space of Feynman diagrams modulo anti-symmetry and IHX relations. This 
vector space is not well- understood, except in low degrees. (See Vogel, 0], for an 
attempt to understand the structure of ^(0).) 

Quantum invariants (or perturbative versions of these) are a rich source of data for 
the study of knots, links, and 3-manifolds. Nevertheless, their relationship to classical 
topology remains obscure, hampering their use in problem-solving. A notable exception 
is the Alexander polynomial of a knot, which, through its interpretation as the Conway 
polynomial (together with the solution of the Conway weight system on uni-trivalent 
graphs pSD , gives a computation of (the one loop) part of the Kontsevich integral. 
Another recent advance has been the computation of the Milnor invariants from the 
Kontsevich integral pM| . 

For 3-manifolds, one has the result that the degree one term of the LMO invariant, 
2^LMO ^ is the Casson-Walker-Lescop invariant [LMO], [ BeHa | . However, beyond this, 
the topological significance of Z^^'-^ remains a mystery. For example, it is not even 
known whether or not the degree two term of Z^^^^ vanishes in the simply connected 
case (which of course would be implied by a positive solution of the Poincare conjecture, 
since Z^*^0(S3) = 1). 

One possible programme for attempting to tie the quantum invariants to homotopy 
data is through generalization of the Casson invariant to groups other than SU{2), 
e.g., SU{N). Recent advances on the mathematical side |BII], for SU{3), as well as on 
the physical side, by Rozansky and Witten |RW], may make this programme tractable. 
The purpose of this paper is to give a conjectural relationship between the generalized 
Casson invariants and Z^^^^ and some partial evidence for its veracity. We consider 
this conjecture to be an explicit form of the basic philosophical viewpoint of [RW|, who 
believe their invariants are of finite type. 



Indeed, we may summarize the underlying ideas of [RW| as follows. On the one 
hand a comparison of the Rozansky- Witten invariants to the perturbative Chern-Simons 
theory indicates that, for bi{M) = 0, they both arise from one universal theory. The 
difference between the two rests in the choice of weight system (in |RW] a rigorous math- 



ematical weight system is given). On the other hand, (and perhaps the deepest 

part of the theory) equivalence between certain physical theories allows one to identify 
the Rozansky- Witten invariants for a particular choice of hyper-Kahler manifold Xq 
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with a regularized Euler characteristic p3Tl ] of the moduh space of flat G-connections 



on the 3-manifold M, xciM). The equivalence comes from the work of Seiberg and Wit- 
ten on 3-dimensional theories (and is the analogue of their work in four dimensions). 
The twist of the first theory yields the gauge theoretic model of the Euler characteristic 
while the twist of the second is the Rozansky-Witten model. The equivalence of the 
physical theories suggests the equivalence of their twisted topological versions. Thus, 
from the physics side, one expects that 

Z^'^iM) = xg{M). (1.1) 

One important consequence of ( pTl] ) is its potential use in computing xg(-^)- 

On the mathematical side there are, currently, a number of candidates for a universal 
perturbative quantum invariant. These include the LMO invariant, Z^^^ ^ the Arhus 
invariant, Z"^, and the invariant of Bott and Cattaneo, Z^'~" . It has been suggested 
[BGRT| that although the LMO invariant agrees with the Arhus invariant, for rational 



homology spheres, that nevertheless Z^^^^ is more directly related to the Rozansky- 
Witten sigma model theory than to the Chern-Simons gauge theory. 

For hi{M) > 0, (except for 61 (M) = 1 and TorHi(M,Z) / 0) the first author and 
collaborators, |BeHa| ] |GH|| , have calculated Z^^^ from classical data. Here, we perform 
analogous computations in the Rozansky-Witten theory and observe, for hi{M) > 0, 
that these results agree. Specifically, we show, for 61 (M) > 0, and under the conditions 
mentioned above,^ that at the physical level of rigour, 

^RW (^z^MO^^^\^ ^ Zf^{M), (1.2) 
where X denotes a hyper-Kahler manifold of dimension 4n. 



One might naively conjecture that ( |1.2| ) holds for all 3-manifolds. However, for 
61 (M) = 0, which is the case of most interest, numerous considerations, including 
connected sum formulae and normalization conditions, indicate that the equality ( [L.2| ) 
should be modified. We introduce invariants A^(M) for all k and X which are computed 
from the Rozansky-Witten theory, and the formulae now suggest]^ that 

|Hi(M,Z)|""^VF|^ (Z^^^°(M)) = A^(M). (1.3) 
We now propose, that on correcting for the trivial connection, one should replace 



(1.1) with the equality 

W = ^g(M), (1.4) 

^The computations that we make for the Rozansky-Witten theory suggest that it is to be expected 



that the results of |GH| hold even when the manifold has torsion in Hi(M, Z). 



"'This corresponds to the fact that Z§^^ / Zg^^iS^) and are both multiplicative. 
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where Ag(M) is the, still to be mathematically defined, G-Casson invariant, and where 
rank(G) = n. In this way, we obtain the purely mathematical 



Conjecture: 



(Z^^O(M)) = Xg{M). (1.5) 



(N.b., for SU{2) this equality holds by the computation of Z^^^^ combined with those 
on the physics side |RW].) 

The equalities above are certainly suggestive. On the one hand, Z^*^'^(M) satisfies 



axioms^ of topological quantum field theory (TQFT), see | M0 |, as is the case for the 
Chern-Simons theory Zq^. On the other hand, is given as a topological sigma- 



model. As explained in | RW |, the actions of the Chern-Simons theory, and the Rozansky- 



Witten theory are formally analogous (see section 4 below). 

We begin this paper with a computation, which originally appeared in [Hl| , of 
Z^^'^'^ {M) for manifolds whose first Betti number, 61 (M), is greater than or equal to 
3. Subsequently, computations for 6i(M) = 2, [ BeHa| ] , and 6i(M) = 1, [GH], followed. 



These computations were inspired by the work of T. Le, |^e|, who showed that the in- 
variant Z^^^'^(M), restricted to homology spheres, is the universal finite type invariant^ 
in the sense of Ohtsuki |]0| . 

Specifically, in section 3, we will give a proof of parts [i) and {ii) of the following 
result (part {in) was proven in [BeHa] and part {iv) in |GH| ). Let Am denote the Lescop 
invariant of M, see |0. 



Theorem 1. 

(i) Suppose bi{M) > 3. Then Z^^'^^^^M) = 1. 

(ii) There are non-zero 7„ e A„(0), such that if bi{M) = 3, then Z^^'^'^(M) = 

(Hi) IBeHa j There are non-zero Tin S An{^), such that if 61 (M) = 2, then 

(iv) iGBjJ For Hi{M) = Z, Z^^^{M) determines and is determined by A{M), the 
Alexander Polynomial of M . 



Remark. In fact, though not observed in |BeHa], but as suggested from the com- 
binatorics of the physical approach, one can show using equality (2) in [BeHa| that 

^Actually, the TQFT axioms hold for certain truncations of Z^'^"^ . 

®See \R2\ for an expository account of the theory of finite type invariants. 
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Sections of this paper concern heuristic results, reminiscent of theorem 1 and the 
hypothetical equality W^^{Z^^O^m)) = Z§^{M). Specifically, we give a heuristic 
proof, (i.e. at the physical level of rigour) of the following: 



Heuristic Theorem 2. 

(i) Suppose bi{M) > 3. Then Z^^ (M) = 0. 

(ii) There are constants cx, such that if bi{M) = 3, then Z^ {M) = cxA^ 
(in) There are constants d^, such that if bi{M) = 2, then Z^^{M) = d-^X 
(iv) For bi{M) = 1, Z^^ (M) is determined by Reidemeister Torsion. 



Actually, the equality W^^{Z^^O{M)) = Z§^{M) suggests that cx = W^^ {-/n) 
and c'x = CHn)- Our calculations indicate that this is so and furthermore, show 

that Cx = dx- 

The final sections, ^-11, are devoted to deriving the properties of the invariants 



that are required to motivate (O) and our conjecture (|1.5| ) 



Let us conclude this introduction with a few remarks on our proof of heuristic theo- 
rem 2. While, for some purposes, the perturbative Feynman diagram expansion may be 
useful, e.g., for obtaining weight systems, our approach is essentially non-perturbative. 
In general the path integral formalism may have uses beyond giving us a definition of in- 
variants. One can define theories via path integrals and after passing to the perturbation 
theory completely forgo the path integral formulation. This leads to an interesting set 
of combinatorial problems, having to do with the type of diagrams to be considered, as 
well as their frequency. On the other hand, it may happen that the path integral can be 
performed in a, more or less, elementary manner. In this case the combinatorial issues 
are by-passed, and in addition one obtains nicely re-summed formulae. An example of 



such a situation is the derivation of the Verlinde formula | BT2 ] for the dimension of the 
space of holomorphic sections of the /c'th tensor power of the determinant line bundle 
over the space of flat connections on a Riemann surface. Similarly, for the Rozansky- 
Witten invariants, we will see that it is better to 'perform' the path integral directly 
rather than to expand out first. 

The main thrust of our physical computations is then to avoid working directly 
with diagrams. However, in order to make the relationship with | LMO| ] somewhat more 



transparent we will, on occasion, explain certain phenomena at the diagrammatic level. 

Acknowledgments: This paper was begun at the Mittag-Leffler Institute, where the authors 
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support, and its staff, for their friendly and efficient professional assistance. Thanks are also 
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2 The Invariant Z^^^^(M). 

The invariant Z^^^^ [M) is computed in general from the Kontsevich integral (denoted 
here by Z^{L)) of any framed link L: Ujl'i "S*^ R^, such that surgery on L, denoted 
by S^{L), produces M. Z^{L) lies in ^(Uji^^)- 

Before stating the result, we recah (see, e.g., 0, ^M^], pvl^ j, 0) that A{X) de- 



notes the graded-completed Q- vector space of Feynman diagrams X U F on the compact 
1-manifold X. The space A{X) is graded by the degree, where the degree of a diagram 
is half the number of vertices of F. Using the notation of [HM], we let Uj=ilj denote 
the disjoint union of / copies of the interval, and we set A{1) = ^(ljj=ilj). A[l) is a 
Hopf algebra, and one has that ^(1) = A{S'^). Moreover, any embedding I ^ X gives 
rise to a well defined action of A{1) on A{X). In particular, A{1)®^ acts on A{1) and on 

For I < i, j < I, we let S^tj be the degree 1 diagram X U F, with X = U'jZi Ijj where 
F is a chord with vertices on the i-th and j-th components {i may be equal to j). We 
set ^123 = [Ci25'?23], where [a,b] = ah — ha denotes the Lie bracket of a and h. (.^123 is 
represented by the diagram X U F, with X = lJj=i Ij, where F is the y-graph of degree 
2 with one vertex on each component of X.) 

In | LMO[ , maps i„ : ^n/+j(ljti S'^) Ai{%) were defined for i < n. (We set in = 



otherwise.) We denote by pi : A{1) — > ^(lJj-=i S^) the quotient mapping. We set 70 = 1, 
and 7„ = iniPsi^^)) G ^n(0)- Note that ^i(0) is 1-dimensional and ^i(0)^" is a 
direct summand of An{9). Moreover, it is easily seen from the definition of in that the 
image of 7„ in ^i(0)'^"' is nonzero. Hence 7^ is nonzero. 

For a set A, we set |^| to be the cardinality of A, if this is finite, and otherwise. For 
a 3-manifold M with 6i(M) = 3, we define Xm = \Tor{Hi{M))\ I i^m^Myss) 1^' where 
i: H^{M)®'^ — > H^{M) is given by the cup product a(i^b(^c ^ aU6Uc. This is Lescop's 
invariant, for 61 (M) = 3, see Q section 5.3. 



Theorem 1. 

(i) Suppose hi{M) > 3. Then Z^^'^'^iM) = 1. 

(ii) Suppose bi{M) = 3. Then Z^^^^^iM) = S„A^^7, 



7 



The theorem wiU be proven in the next section. We first recall here how Z^^^^ {M) 
is defined. One puts u = Z^{U), where U is the trivial knot with faming zero. Then 
Z!l^^^^{M) is the degree n part of the expression 



in{Z^{L)v^') 



{i^{v^exp{^)f+{in{y^exp{^)f- ^^'^^ 

considered to lie in A<„(0), where denote the number of positive and negative 

eigenvalues of the linking matrix of L. (It was shown in |LMO| that the expressions in 
the denominators are invertible.) 

Remark. For later use we note that for A; < n, in | LMO| ] the degree k part of the above 
expression (|2]l|) was denoted by 0„(M)(''). Thus in particular, Z^*^'^(M) = 17„(M)("). 

In the proof of the theorem, we will need to make use of certain facts. 

1) in satisfies the property that it vanishes on diagrams which have fewer than 2n 
vertices on some component. 

2) Let cr be a string link whose closure is L. Then Z^ (L) = pi{Z^ {a)ui) (see |LM2]). 
Here Z^{a) lies in A{1) and ui G A{1) is obtained from u = ui hy the operator which 
takes a diagram on the interval to the sum of all lifts of vertices to each of the I intervals. 
It is known that u and hence is a sum of diagrams each of which has each component 
of r non-simply connected (see [ HM| ) . 

3) Let a be an /-component string link. Then Z^{a) = exp(^* + ^'*), where ^* is a 
linear combination of diagrams for which L is a tree, and is a linear combination of 
diagrams for which F is connected, but not simply connected. If we denote by A^{X) the 
quotient of A{X) obtained by setting to zero all diagrams for which some component 
of F is not simply connected, and denote by Z^{a), the image in A^(l) of Z^{a), then 
it was shown in |HM ] that the Milnor invariants of a determine, and are determined by 
Z^[a) = exp{^}). We will need the fact that if the linking numbers and framings are 
zero, then ^* has degree > 2, and moreover, the coefficient of ^123 is the Milnor invariant 
^123. (See M ). 



3 Proof of Theorem 1. 

The theorem will be proven progressively, starting from the case where M is obtained 
via surgery on an algebraically split link L (i.e., one with vanishing linking numbers) 
having 3 components all of which are zero- framed. In this case, Hi{M) = Z^, so that 
Tor[Hi[M)) = 0. Moreover, using the Poincare dual interpretation of cup product, 
one easily checks from the definition of the Milnor invariant ^ = 7^123 (-^^) iii terms 
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of intersections of Seifert surfaces (which can be completed to surfaces in M), that 
= I I- It follow that Am = in this case. 

The theorem in this case is an immediate consequence of the observation that the 
only term contributing to Z„ ^(M) is ps{ (2n)D - ^^^^ a be a zero framed 

string link whose closure is L. Then by 3) above and [HM] (since the linking and framings 
are zero and /i = 7^123 (^))! ^^i^^) = ea;p(/i^i23 + where ^' is a linear combination of 
diagrams, all of which consist of diagrams for which T is either not simply connected, 
or is a tree of degree > 3. Note that in each case, such a diagram has a ratio of external 
vertices (the univalent vertices of T) to internal vertices which is < 3, whereas this ratio 
for C123 is 3. It follows that every term of Z^{L)v®^ = p^{Z^ {(t)v^)v®\ which has 
at least 2n vertices on every component, must have at least ^ = 2n internal vertices. 
Hence such a term has degree at least = 4n, and has degree precisely 4n if and 

only if that term is 1^3 ( (2n)f^ )" 

Now suppose that M = S^{L), where L is an algebraically split link having I com- 
ponents, and such that L contains a 3-component sublink Lq which is zero-framed. We 
set Li = L \ Lq. 

We first suppose that Lq and Li are separated by a 2-sphere, so that M is a connected 
sum. Recall from ( pjMO |, 5.1), that if M is a connected sum of M' and M" such that 
bi{M') > 0, then one has the formula Z^^'^{M) = Z^^O^jy-/)|^^^j\^//-)|n^ Setting 
M' = S'^{Lq) and M" = S^{Li), then this formula shows that the result for M is implied 
by the result for M' shown earlier. (This includes the vanishing result if 61 (M) > 3, 
since in this case bi{M') > 0, and hence \Hi{M")\ = 0.) 

If Lq and Li are not separated by a 2-sphere, i.e., L ^ Lq]JLi, the result still 
follows, since one has that in{Z^ {L)v®^) = in{Z^ {Lq\[Li)v®^) . To see this, let cj be a 
string link, whose closure is L, such that the first 3 components, ctq, close up to give Lq. 
Set o"! = a\aQ. Let do x ui denote the juxtaposition of do and ai. We wish to compare 
Z^{a) and Z^{(Tq x ai). One has that Z^{(Tq) = exp{^Q), Z^{ai) = exp{^i), and hence 
that Z^{aQXai) =exp{^Q + ^i). Moreover, Z^{a) = ej;p(^o + Ci + '^^^^'S is a sum 
of diagrams for which T is connected, has degree > 2 (since L is algebraically split), and 
has a vertex on ctq and on ai. Since ^0 is also of degree > 2, it follows that every term of 
{Z^{L) - Z^{Lq U Li))i/®' = pi{{Z^{a) - Z^{cjQ x (Ti))vi)v®^ is a sum of terms which 
satisfy that each component of F, with a vertex on one of the 3 components of Lq, has 
degree at least 2 and that some such component must also have a vertex lying on Li. 
It follows that any such term, having at least 2n external vertices on each component 
of L, must have more than 2n internal vertices, and hence that such a term is in the 
kernel of in (since it is of degree > nl + n). 

Now suppose that M = S^{L), where L is arbitrary. Let B be the linking matrix 
of L. It is well known that B becomes diagonalizable after taking the direct sum 
with a certain diagonal matrix D having non-zero determinant. Let L' denote a link 
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whose linking matrix is D. Then if M" denotes S^{L\[L'), the theorem holds for M", 
since LJJL' is equivalent to an algebraically split link L", via handle sliding (so that 
M" = S^{L")). Then the theorem holds also for M, using the formula Z!^^°{M") = 
Z^^^o^M)\Hi{S'^{L')\^ (since \Hi{S'^{L')\ = \det{B)\ + 0). 



4 Review of Rozansky-Witten Theory. 

The theory whose partition function is believed to yield the G-Casson invariant is a 
twisted version of = 4 super- Yang- Mills theory in 3-dimensions [Wl], | BT1[| . Seiberg 



and Witten [SW] have given a solution of the physical theory with G = SU{2) in 
the coulomb branch. The coulomb branch of a theory corresponds to an analysis at a 
particular (low) energy scale. This solution has, as its moduli space, the reduced SU{2) 
2-Monopole moduli space, that is the Atiyah-Hitchin space X^h- Since the topological 
theory should not depend on which scale we are looking at, we can twist the low energy 
theory of Seiberg and Witten and in this way we are led to equating the SU{2) Casson 
invariant with a particular path integral over the space of maps from a 3-manifold to 
Xah- 

Rather more generally it is believed that the moduli space for for the physical theory 
with group G is some monopole moduli space. For example for SU{n) it is believed to 
be the reduced SU{2) n-monopole moduli space. These moduli spaces are all hyper- 
Kahler. We denote those hyper-Kahler manifolds that arise as the moduli space of the 
coulomb branch of the G physical theory by Xq. From this point of view the G Casson 
invariant is then equated with a particular path integral over the space of maps from 
a 3-manifold to some hyper-Kahler Xq- The path integral in question, Z^^[M], was 
described and analysed in [RW|. Given some subtleties that we will address later, one 



expects that Z^^[M] and Xg{M) if not equal are very closely related. (The exact 
statement was given in the introduction ( |1.3| ).) 

4.1 The Rozansky-Witten Model 



Rozansky and Witten [RW| defined a path integral, and so invariants for a 3-manifold, 
for any hyper-Kahler X. This section is devoted to describing the objects that go into 
defining that path integral. 

Let (p he a map from the 3-manifold M to a hyper-Kahler manifold X. In local 
coordinates on X, the map is denoted 4>\ i = 1, . . . ,4n.[| We write (j) G Map(M,X). 
Denote by T,^ Map(M, X) the tangent space of Map(M, X) at <j). One may identify 
T^Map{M,X) with 0° (M, (TX)). Since one has, TX =k T^'^^^X = V, for the 

^<^' is the composite of 0, restricted to the inverse image of the coordinate neighborhood, with the 
j-th coordinate function. Thus <j>^ is not a function defined on all of M, but only on some open set. 
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tangent bundle of X (see the review in Appendix ^). We define r/ to be a Grassman 
variable^ on 0° (M, cp* {V)), that is t/ G A^ (f]° (M, (/>* {V))*) which is, in local coordi- 
nates, denoted by rj^ (x), / = !,..., 2n. Let x be a Grassman variable on 17^ (M, 0* {V)), 
that is it is an element of A-*^ (17^ {M,(p* (V))*) which, in local coordinates, we denote 
by X^- 

We define a Lagrangian (density on M) L = Li + L2, 

Li = ^gij{(l})d^' + eij{(l))x' *W (4.1) 
L2 = ^(e/j(</')x'Vx-' + ^17,j;^L(<A)xVxV)- (4.2) 

The covariant derivative V is defined with the pullback of the Levi-Civita connection 
on V, 

V'j = dS'j + {d^^)Tij, (4.3) 

and * is the Hodge star operator on M thought of as a Riemannian manifold. The two 
Lagrangians are separately invariant under a pair of BRST transformations. One does 
not need to pick a complex structure to exhibit these, however that level of generality 
is not required and we pick now a complex structure on X so that the (f)^ are local holo- 
morphic coordinates with respect to this complex structure. In this complex structure 
we can pick a basis, Q, Q for the BRST charges which act by 



Qri' = 0, Qx' = -dcl)', 

and 

Qrj' = 0, Qx' = Tj dcP^ - T'jK ^^x^. 
These BRST operators satisfy the algebra 



(4.4) 



(4.5) 



Q2 = o, {Q,g} = 0, Q =0. (4.6) 
The BRST invariant sigma model action is 

S = ( (L1 + L2). (4.7) 

JM 

We note that Li is both Q and Q exact. Indeed one has 

Li = (#,#) + (x,TVr?) 
= -Q{X:d'4>) 

= QQ (leijx'*x'), (4.8) 



®The definition of what it means to be a Grassman variable on a vector space is explained in Ap- 
pendix pi 
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where the inner product for X G Q}{M,T^^^^^ X) and Y G ^^^(M, T^O'^^X), is defined to 
be 

{X,Y)=g,-jX' *Y^. (4.9) 
In order to write Li we needed to pick a metric on M . However, as Li is BRST exact, 



nothing depends on the choice made (see [ BBRT | section 2 for how this is estabhshed) 



and, ultimately, this explains why this theory produces a 3-manifold invariant. 

Now we have a gauge theory interpretation of the sigma model action (4.7) as a 



gauge fixed action. Firstly, L2, is BRST invariant (and metric independent). However, 
it is not BRST exact. So we may consider it to be the initial gauge invariant Lagrangian 
that needs to be augmented with a gauge fixing term, in order to arrive at a well defined 
theory. The gauge fixing term should be BRST exact and we see that Li fits the bill. 



In section 3.1 we will, for bi{M) = 1, take this point of view and gauge fix an invariant 
Lagrangian. In fact what one finds is a theory that looks a great deal like the Chern- 
Simons theory of Witten. This suggestive analogy will be taken up again when we make 
a more comprehensive comparison with Chern-Simons theory below. 



The action (^J) at first sight defines quite a complicated theory. However, as it is 
a topological theory, one may expect rather drastic simplifications. This is, indeed, the 
case. 



There are various arguments that are available (see [RW| and Q) that establish 
that one may as well instead consider the Lagrangians 

Li ^ Li = ]^gij(ct)a)d(t)\ * #^ + tij{(t)f))x^ * dr]-l 

- njjKLiMT^x' vo^t? * #f (4.10) 

L2^i2 = l{eij{^o)x'dx-' + ^njjKLiMx'x'x''vo) ■ (4-11) 

The notation in these formulae is as follows. Set G 17" (M, 0g(TX)), where the 
4>Q are the constant maps and the <j)\ are required to be orthogonal to the (pQ, that is 
Im =0- The r]^ are also expanded as, f]^ = i1q + , where the t/q are harmonic 
0-forms with coefficients in the fibre V^p of the Sp(n) bundle V ^ X and the ri\_ are 
orthogonal to these /^^ * r/^ = 0. Though not indicated in the formulae we will, below, 
also decompose the x^ fields in a similar fashion, = Xo + where the Xo ^'^e 
harmonic 1-forms with coefficients in the fibre V^q and the x^±_ ^^'6 orthogonal to these 
in the obvious way. 

The theory that we will analyze in the following sections is the one defined in terms 
of Li + L2. This theory is rather simple to get a handle on, as we will see. 
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4.2 Path Integral Properties 



Before proceeding we should mention that we will normalize the bosonic part of the 



path integral measure as done in |RW]. This means that on occasion certain factors 
of 2tt will make an appearance and those can always be traced back to our choice of 
normalization. Somewhat more involved is the question of sign of the path integral. 



Different approaches to fixing this have been explained in [RW| and and we will 



take the signs to be as given in those references. The question of framing in the path 
integral is not adressed here. The issues involved are spelt out in |RW|. 



4.3 Relationship with Chern-Simons Theory 

In this section we review the relationship between Chern-Simons theory and the Rozansky- 



Witten model. Though this relationship has already been explained in |RW], we include 
it here so that we may refer back to it as we go along. 

Recall that the Chern-Simons action is 

Lcs = Tr (^AdA + ^^3^ (4.12) 

where the trace is understood to be normalized so as to agree with the standard inner 
product on the Lie algebra. We compare this with ( 4.11| ). Notice that there is almost a 
direct match if we make the following substitutions 

A'' - X' 
Tr TaTb eij 

fabc ^ ^urMv^, (4.13) 

where Tq are the generators of the Lie algebra. Also note that the symmetry properties 
of the various objects are reversed. Tr T^Tb is symmetric in its arguments while e/j is 
antisymmetric, fabc is totally antisymmetric while ^ijKL{4'o)'no is totally symmetric. 
This is as it should be since A"" is an anti-commuting object while is commuting. 

In any gauge theory, before performing a perturbative expansion, one needs to gauge 
fix, that is to pick a section locally in the space of connections. In Chern-Simons theory, 
since we are on a 3-manifold, we have the trivial connection to use as origin of the affine 
space of connections. A reasonable gauge choice, about the trivial connection, is then 

d*A = (4.14) 

which is implemented in the path integral by a delta function constraint^ 

5(*d *A)= J Dt exp(^i J td* A^ (4.15) 

® Recall that in dimension 1, J e^P^ dp — 2-k5{x), is an integral representation of the Dirac delta 
'function'. In a lattice approximation of M (4.15) is understood as H^gj^^ S{*d*A{x)) where the 
product is over all nodes of the lattice. 
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One should compare this with the second term in ( 4.10| ), with t ^ rj^ . Furthermore 
(see our review in section p.l| ), when gauge fixing, in order to balance measures, one 
must also introduce the so called Fadeev-Popov ghosts, c and c, into the path integral. 
These, Lie-algebra valued Grassmann odd zero-forms, enter in the action as 



/ TT{cd*{d + A)c). 
Now compare this with ( [4.10 ). The correspondence is readily seen to be 



-tI 



(4.16) 



(4.17) 



Moreover, we will see in section p.l| that the topological supersymmetry of the 
Rozansky-Witten theory is the natural analogue of the BRST symmetry of Chern- 
Simons theory. Even more is true. There is in any gauge theory an Sp(l)'s worth of 



BRST symmetry |DJ], which comes by exchanging the role of the ghosts c and c and 
this Sp(l) goes over to the Sp(l) of the Rozansky-Witten theoryf^ The analogy is even 
more remarkable when one notes that the symmetric gauge fixing is in fact implemented 
by adding. 



QQ (Tr A* A), 



to the action, which should be compared with 



(4.19) 



Given the intimate relationship with Chern-Simons one would expect that both the 
IHX and the AS relations would hold in the Rozansky-Witten theory. That the IHX 



relation is satisfied was established in [RW| and corresponds to the geometric analogue 
of the Jacobi identity, namely to the Bianchi identity for the tensor. At a naive level 
the AS relation does not appear to be true in Rozansky-Witten theory, however it holds 
in the most meaningful way. 




Figure 1. The AS Relation 



^°One also expects that the peculiar supersymmetry that exists in Chern-Simons theory [BRT] also 
holds here. It would correspond to 



r-r-f 



(4.18) 



and a casual glance at the action seems to show that indeed the symmetry is present, at least in the 
case of flat space. 



14 



Recall that the AS relation in Chern-Simons theory amounts to the anti-symmetry 
property of the structure constants, fabc, of the Lie algebra, that is, fate = —fact, as 
depicted in Figure |l[ On the other hand, in the Rozansky-Witten theory the "structure 
constant" which appears in diagrams is the completely symmetric tensor ^ijkl and so 
the identity implied by Figure || appears to be violated. However, one must recall that, 
in reality, the vertices in the Rozansky-Witten theory are connected to Grassmann odd 
objects and that if one thinks of the vertices as incorporating this Grassmann character 
then the vertex obeys the AS relation. So for example in the Rozansky-Witten theory, 
any diagram which has a loop centered at a vertex, as shown in Figure 0, vanishes which 
is a fact completely consistent with the AS relation. The reason it vanishes is that while 
is symmetric, the labels in the loop are contracted by e^^ which is anti-symmetric 
and that the contraction is anti-symmetric is due to the fact that we had Grassmann 



odd variables there. In section 6.1 we will be quite explicit about how the AS relation 



-0=0 



Figure 2. The Tadpole Diagram 

arises for 6i(M) = 3. 

For all the similarity there is one important difference between the two theories. 
The vertex in the Rozansky-Witten model carries a Grassmann odd harmonic mode, 
?7o. This means that this vertex may never appear more than 2n times in any diagram. 
Thus there is a cut-off built into the perturbative expansion of the Rozansky-Witten 
theory. 



4.4 Compact and non-Compact X 

The spaces Xq that are associated to a group G really correspond to certain moduli 
spaces of monopoles. These spaces are hyper-Kahler but non-compact. Nevertheless, 
they are asymptotically flat. The dependence that one finds on Xq is through terms of 
the form 

/R(Xg)\^^'' ^ /R(Xc^^^^" 



IXa 

with X^iJi = ''^j with explicit dependence on the holomorphic 2-form, such that the 
integrand is a top form. Since the manifolds are asymptotically flat integrals of this 
type will make sense. To be sure that the invariants do not trivially vanish we need to 
know if integrals of the form ( [4.20 ) are zero or not. 



Non-compact hyper-Kahler manifolds abound. Examples include the Atiyah-Hitchin 
manifold Xah^ which is the SU{2) 2-monopole moduli space as well as T*CP" for which 
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Calabi exhibited hyper-Kahler metrics. More generally, one has a procedure for 
producing examples. Suppose that one is given a hyper-Kahler manifold X admitting 
a Lie group action of isometrics G which preserve the hyper-Kahler structure with 
^ : X ^ g* X the corresponding moment map, where 3* is the dual of the Lie 



algebra of G. Then, the hyper-Kahler quotient construction |HKLR| guarantees that if 
G acts freely on ^^^(0) with a Hausdorff quotient then the quotient manifold fi^^{0)/G 
(denoted X//G) is once more hyper-Kahler (with the hyper-Kahler metric being the 
induced one). Starting with the hyper-Kahler manifold x and quotienting with 
various groups gives rise to many known examples of hyper-Kahler manifolds including 
the monopole moduli spaces of interest. For n > 1 we are unaware of any calculations 
for integrals of the form ( 4.20| ). There appears to be a dearth of information on the 



properties of such integrals. We will proceed under the assumption that there are 
sufficiently many manifolds for which integrals of the type ( 4.20| ) are finite and non- 
vanishing. 

Of course, once one has the invariants at one's disposal, they are defined for any 
hyper-Kahler X and not just Xq. So that, in particular, one may also consider com- 
pact manifolds. However, while non-compact hyper-Kahler manifolds are plentiful the 



compact variety are rare birds indeed. There are essentially two series of examples |Be|. 
The first is made up of a resolution of the n-fold symmetric product of K3 surfaces 
and is denoted by St"'. The Douady space, S^'^\ is a (real) 4n dimensional irreducible 
hyper-Kahler manifold. The second series, denoted by Kn, is related to the Douady 
space, TI"! , of the n-fold symmetric product of the four dimensional torus T. TI"! is not 
irreducible while Kn is. There is only one known example which is neither of type S't"! 
or Kn- 



What we would really like is to get a handle on integrals of the form ( 4.20 ). Fortu- 
nately, very recently, computations of the even Chern numbers for the S"'"] series have 
been made for n = 1, . . . , 7.|^ It is quite remarkable that these are all non-zero and 
positive. One can check to see that the Chern characters of the tangent bundle in these 
cases do not vanish. As far as we are aware there are no similar computations available 
for the Kn series except for the Euler characteristic, which is again strictly positive and 
again due to L. Gottsche ||G|. 



4.5 Product Groups (Manifolds) 

Since the Generalized Casson invariant can be morally viewed as the Euler character- 
istic of the moduli space of flat G connections, one has immediately that the invariant 
for a product group is the product of the invariant of each group factor. Let the 
group have the form G = Gi x G2, then Hom(7ri(M), G)/G = Hom(7ri(Af), Gi)/Gi x 

'^^We thank L. Gottsche for making these computations available to us. 
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Hom(7ri(M),G2)/G2, or M{G) = M{Gi) x M{G2) and consequently x{M{G)) = 
x(M(G^)).x{M{G2)). 

How does the Rozansky-Witten invariant behave when we consider product groups? 
The answer is that it factorizes as it should. To pass from the gauge theory to the 
sigma model one uses the dictionary G Xq, which for products reads Gi x G2 — > 
X ■ The hyper-Kahler structure of a product manifold is the natural product 
hyper-Kahler structure. The path integral factorizes since the space of maps factorizes 
and the Lagrangians split into the sum of two pieces, one of which only involves objects 
associated with Xqi , the other involving objects only depending on Xg2 ■ We have then 
that 

Z§YxX, m = [M] . Z^Y m ■ (4-21) 



This simple observation has immediate consequences for the invariant, if the depen- 
dence on X is only through characteristic classes. For, if this is the case, then we may 
expand the partition function as 



Z.riMI = 1, t ■ • • T.' {^f' If, ,,,(M). (4.22) 



(It is understood that in ( 4.22| ) one picks out the form of degree 4n in the integrand, 



that is Yllt=ijk = n. The actual form of the integrals Ij'^ j^{M) depends very much 
on the first Betti number of M.) Now the factorization property ( 4.21| ) implies that, in 



fact. 



Z|^[M] = / e^^=^^(^) ' ^'^^\ (4.23) 



where 

^.(M) = /^.o,...,o)(^)- (4.24) 

Consequently, the IJj_^ ■ -^{M) are completely determined by the Ij{M) for j < re.p^ 
This has quite drastic implications. Since at any n we are claiming that there is only 
one new integral /„(M) that arises, there is then only at most one new invariant at the 
given n. Consequently there are only, maximally, a Z's worth of invariants! We will 
^■^One might have thought that by suitably jugghng terms proportional to, 



with j + p < n in the exponent, one might still be able to satisfy (4.21). However, since we can find 
hyper-Kahler manifolds Xj, Xp and X4,n-4,j-4p of dimension 4ji, 4p and 4(n — j —p) respectively, such a 
term would spoil the factorization property. In the text we will see explicitly that the partition function 



indeed takes the form of (4.23), when 61 (Af) > 1. 
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see, in the following sections, that if M has rank > 1 then both the hypothesis that X 
enters only through its Chern numbers and the conclusions drawn hold. 

The interesting case then is 61 (M) = 0. In this case we cannot show that the X only 
enters through its Chern numbers. This is just as well since it is believed that the number 
of LMO invariants grows rather more rapidly than linearly with dimension (degree). 
However, for n = 1, Rozansky and Witten showed that the invariant is proportional to 
TiR^ and one can also show that the double theta at n = 2 is proportional to Ti R . 




Figure 3. The Double Theta Diagram 

Since the Mercedes Benz diagram is proportional to the double theta this means that 




Figure 4. The Mercedes Benz Diagram 

also at n = 2 there is only one new invariant. 

While the main thrust of our physical computations is to avoid working directly 
with diagrams, one aspect of the factorization property for any M is very simple to 
describe in terms of the diagrammatic expansion. One deduces from (4.21) that for 



product manifolds the connected diagrams vanish while the product diagrams factor to 
reproduce the formula. The vanishing of the connected diagrams is a simple consequence 
that one gets from considering how the r]^ zero modes enter into the diagram. 

On a product manifold, X = Xi x X2, with dim^Xi = 4ni, dimKX2 = 4n2 and 
ni + n2 = n, the 2-form e/j becomes the sum of the holomorphic symplectic 2-forms 
of each factor, i.e. ejj = e]j + ejj. Likewise, the curvature tensor splits as ^ijkl = 
^}jKL + ^LJKL- However, one must remember that in diagrams the curvatures are 
connected by e^'^ (coming from propagators). Which means that vertices with 
assigned to them can only be connected to other vertices with assigned to them 

since the e^"^ do not 'mix' manifolds. This, in turn, means that for connected diagrams 
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one has assigned every vertex or one has assigned ^'jjxl every vertex. 

There are 2ni harmonic r]^ modes, denoted r]{, from Xi and 2n2 harmonic rj^ modes, 
denoted r/l, from X2. 

Hence, in any given connected diagram with m vertices one has exactly m r][ or 
m zero modes appearing. In order to get a non-vanishing answer for the integral 
over the harmonic modes the product of connected diagrams appearing in one Feynman 
diagram must be such that exactly 2ni vertices can have assigned to them and 

2n2 vertices can have ^^jxl assigned to them. For a completely connected Feynman 
diagram, with 2n vertices, this is not possible if both ni and n2 are non-zero. 



4.6 Observables and Q-cohomology 

There are a number of observables that can be defined. The expectation value of each 
of these is potentially a new invariant, though, as we will see, they may be invariants 
that we have already encountered. 

For us, the basic set of observables involves powers of the holomorphic symplectic 
2-form e, taken at some point of M by pull-back. However as will be seen below, the 
precise point on M at which the form is evaluated is immaterial and therefore will be 
suppressed from the notation. LetP| 

0(A:)=4(-^r/^e/V)'. (4.26) 

The coefficients dk will be fixed below. The invariants of the manifold M are defined 
by a path integral which has an insertion of 0{k), that is 

Z§^[M,0{k)] = J D(j)DriDxe-^ 0{k). (4.27) 

Let < A > denotes the expectation value of A, with respect to some set of fields ^ 
and some action S{^), 

< A>= j D^e~^^^^ A. (4.28) 

The measure on the harmonic r/^ modes is determined by 

< r/^i ... r/^2n >^ g/i .../2„^ (4 29) 

where we mean that one integrates only over the harmonic r/^ modes and for which the 

action is taken to be zero. 

^^That the following observables make sense can be seen by noting that they should be viewed as 
the pull back of the evaluation of the k-th wedge product of the holomorphic 2-form on 2k (Grassmann 
odd) tangent vectors. 
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We, partially, fix the coefficients by demanding that 



do = 1, (4.30) 

and that 

V5d'>o < 0{k)0{n - k) >= 1, (4.31) 

where yfgd^^cf)^ is the Riemannian measure on X. Notice that when dimigX = 4, that 
this specifies the value of di, while for dim^X = 8, do, and ^2 are determined and di is 
fixed up to a sign. 

One of the most important properties of this class of observables is that 

j DcpDr]Dxe~^ 0{n) = {\Hi{M,'L)\f . (4.32) 



This follows from the normalization that we have chosen in (4.31) as well as the observa- 
tion in [EIW| that the Ray-Singer torsion provides a natural volume form which includes 
the Riemannian volume of X times |-ffi(M, Z)|' = |Tori?i(M, Z)|. The reason that it is 
|i?i(Af, Z)| rather than \Hi{M,'L)\' that appears in (1^ is that the observables, 0{k), 
vanish for manifolds that are not QHS's (this follows by a count of vertices similar to 
those made in section ||). 

We can take the coefficients dfc, to be 

so that the observables enjoy the following property 

0{p)0{q)=0{p + q). (4.34) 



We should explain why these are good operators to consider in the theory. Let 0{uj) 
be defined by 

0{uj)=uJi,...i^r^^^ ...T]^^ (4.35) 

where the uji^,,j^ are both the components of a 5 closed (A;,0) form as well as being 
the components of a 5 closed (0, k) form. (Here d and d are the holomorphic and 
anti-holomorphic Dolbeault operators on X and the correspondence is given by the 
isomorphism between TX^^'^^ and TX^'^'^\) In equations this means that we want 

di uji^„j^dzUz^^ . . . dz^" = 0, (4.36) 

and 

djLOj^ j^dfdz^' . . . dz^" = 0, (4.37) 
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where 

-7,...7,=-W.rf^---4:' (4-38) 

and Tj = ffjje"^^ (see the appendix for more details about hyper-Kahler manifolds and 
for our conventions). 

The important property of such operators is that they are both Q and Q closed. 
That is, 

= 0, (4.39) 

where the third equality follows from the fact that u is d closed. (While these operators 
are Q closed they are not Q exact, if tu is non-trivial in cohomology, since Q exactness 
would imply d exactness of a;.) Similarly 

QO{u) = TWdjOiu) 

= 0, (4.40) 

Another important property of such observables is that they are essentially d closed 
as well, where d is the exterior derivative on M. Here essentially means that this 
holds because the path integral is concentrated along the constant maps. But since 
the dependence of the observables on M is via pullback with respect to ^, they do not 
depend on the point at which they sit on M. 



5 Outline of the Proof of Heuristic Theorem 2. 

The strategy of the proof will be to decide which types of Feynman diagrams can 
contribute and then to find a way of encoding all the relevant information without 
doing any expansions. The one piece of information that we will use continuously is 
that, on expanding out the interaction part of the action, the interaction terms will be 
of the form 



where 



VfVl (5.1) 



Vi = \ l ^iJKL{(l>o)xW'r,o (5.2) 



V2 



■ / nijKL{MTj^x'v^<l>f *dct>f. (5.3) 
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There is a condition on the number of interactions that arise from the fact that both 
vertices Vi and V2 are hnear in rj^, which we recah is constant on M. Since t/q is constant 
on M, this means that the "path integral" over this "field" is actually a 2n-fold product 
of Berezin integrals (the exact specification of the measure is described in appendix 
P). Furthermore, from the rules that we describe for such variables, we see that the 
integration will vanish identically unless the integrand includes the product of all 2n 
components of tjq (each occuring exactly once). Consequently one has 

p + q = 2n. (5.4) 



The rest of the proof depends on how many harmonic modes there are. The 
importance of these modes lies in the fact that, like the tjq, they will only appear in 
the vertices .P^ Hence, for the same reason as for the harmonic rj^ , the path integral 
will vanish identically unless the integrand includes the product of all the harmonic 
components of ■ The number of harmonic modes of x^ is 2n6i(M). This means that 
there is another condition that must be satisfied to ensure that the integral has a chance 
of not vanishing, which is 

3p + q>2nbi{M). (5.5) 

This inequality comes by noticing that if 3p + q < 2nbi (M) then certainly the integrand 
will not have the required product of harmonic x^ ■ As the constraint (5.5) depends on 



61 (M), we go through the possible &i(M) values and along the way we will strengthen 
it. Subtracting ( ^.4| ) from (|5.5| ) gives the constraint 

p>n{bi{M)-l). (5.6) 



5.1 Manifolds with 61 (M) > 4 

From ( ^.6| ) we see that if 61 (M) > 4, then clearly p > 2n, but then (5.4) certainly 
cannot be satisfied. Consequently, we see that it is in fact impossible to integrate up 
the harmonic modes of x^ hence the Rozansky-Witten path integral vanishes. 



6 Manifolds with bi{M) = 3 



The inequality (5.6) says, for bi{M) = 3, that p >2n and this intersects with (5.4) only 
if p = 2n and q = 0. This condition tells us that we are to ignore V2 completely, so that 
perturbatively one is interested in 

V^"". (6.1) 



^■^The harmonic modes do not appear in the quadratic terms, for example e/j((;6o)x^ * 
/^j- e/j(0o)Xj_ * dr;'^, by an integration by parts. 



22 



However, we know more. Since there are 6n harmonic modes, all the appearing 
in (^]^) must be harmonic. This means that vertex Vi effectively reduces to 

Vi = l f ^iJKL^MxixixoVo (6.2) 
and in turn that the Lagrangians ( [4.1C , 4.11| ) reduces (with a slight rearrangement) to 
= ^gij{<Po)d(t>\ * d4>^j_ + eij{(t)o)x± * dvi + ^eij{(l)o)xidxi (6.3) 
Lo = l^iJKLiMxixoXor]!^ (6.4) 

where a zero subscript indicates the field is harmonic while the _L subscript indicates 
that the field is orthogonal to the harmonic modes on M. The path integral to be 
performed is, symbolically, 

d^oe~hi^o J D^±e~ -I^M (6.5) 

where $ denotes the set of fields. Rozansky and Witten R"W| ] have shown that 

y"z)$^ e-^A/ = (|Hi(M,Z)|')'', (6.6) 

where |Hi(M, Z)|' is the order of TorHi(M, Z). Consequently, the Rozansky- Witten 
invariant in this case has the very succinct representation 

Z§^[M] = (|Hi(M,Z)|')"y" d^o e-iAf^o. (6.7) 

Let w", a = 1, 2, 3 be a basis of H^{M,'L). Since Xo harmonic on M, we see that it 
must have the expansion Xq = Xo"^"; where the coefficients Xa^ foi' each a = 1,2,3, are 
generators of f\(f)*T^^''^'> X . Substitution of this expansion in ( |6.2D gives 

Vl = \^IJKL{MxixUl^^ I 



= -^^iJKMxixUi^o^'^^'' liM), (6.8) 

where 

/(M) = leapy f OJ'^UJ^OJ^ (6.9) 



By the arguments that we presented at the start of this section culminating in ( |6.1| ) we 
immediately have that the Rozansky- Witten invariant is proportional to /(M)^". 

To determine the coefficient, it suffices to compute the invariant for any 3-manifold 
of rank 3 as it does not depend on M but only on X. In Q (equation (3.23)), the 
second author showed that the Rozansky- Witten invariant for the 3-torus, T^, is equal 
to the Euler characteristic of X if it is compact. (More generally, it is equal to the 
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integral of the Euler form over X) Denote this (in both cases) by e(X). We also have 
I{T^f = 1 so that we find for manifolds M, with 61 (M) = 3, 

Zf^[M] = e(X) {\Hi{M,Z)\'I{Mfy . (6.10) 
One may relate this back to the Lescop invariant A(M), as 

m? = (6.11) 

so that 

Z|^[M] =cxA(M)", (6.12) 

where 

cx = e(X). (6.13) 

One can also get this result by performing the finite dimensional integrals that were 
left to be done in ( |6.7D . Indeed these are computed directly from ( |B.35| ). 



As already explained in section 4.4 there are compact and non-compact X for which 
e(X) is non-vanishing for every n, so that (6.12) is not empty. For example, for the S"'"] 
series one has the generating function 

00 00-1 

5:e(5N)t"=n— --24, (6.14) 

n=0 k=l U ) 

while for the Kn series one has 

e(if„) = (n + 1)3^1 (n + 1), (6.15) 

where ai (n) is the sum of the divisors of n. It is amusing that, for 5W,if one replaces the 
Casson invariant with the indeterminant t, then summing over n in ( |6.12 ) reproduces 
the generating function for the Euler characteristics (|6.14| ). 

On the non-compact side (Xah)"' will do, since e{X''^jj) = e{XAH)"' = 1- 

6.1 The AS Relation 

The vertex with the x zero modes attached is 

Vi = \^ijKL{4>^)xixUi^o J^^ u^'^u^^oo^. (6.16) 

If one extracts the part that depends on X from the dependence on M we can write 
the vertex as 

Vi = Fo^p^{X) [ Lo'^u^io^ (6.17) 
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where = ^^ijKL{4'o)xLxpX^vd} is totally antisymmetric in its three labels. 

Consequently, it is the vertex Fq^^(X) that satisfies the AS relation. In Chern-Simons 
theory a similar vertex arises when one replaces the gauge connection with harmonic 
modes in the cubic term, that is, one sets A" = A^uj'^. The cubic term is now propor- 
tional to Kaf3^{G) /^j- ^"w^wT, where Kap^{G) = fabcA^A'j^A'^. Notice that Kap^^G) 
is also antisymmetric in its three labels. The antisymmetry of Fa/3^{X) is a consequence 
of the symmetry of O and the anticommuting properties of the Grassmann variables Xa- 
The antisymmetry of Kap^{G) rests on the antisymmetry of the structure constants of 
G, fabc and the fact that the variables A'^ commute with each other. 



7 Manifolds with bi{M) = 2 

In this case from (^^) we learn that p > n. However, we can show that q = 0. To see 
this, note that in the vertex Vi there can be at most two harmonic x^, since the wedge 
product of three would be zero (61 (M) = 2). This means that we can refine ( ^.5| ) to 
obtain the inequality 

2p + q>4n (7.1) 

which together on subtracting (^jj) tells us that p > 2n. Hence, once more we find that 
p = 2n and q = 0. What this means for us is that we may ignore V2 and also in order 
to guarantee that the harmonic modes are accounted for, two and only two of the 
appearing in Vi must be harmonic. One sets 



yi = l[ ^iJKMxixixht (7.2) 
2 JM 



Let w", a = 1, 2, be a basis of H'^{M,Z). Since Xo harmonic on M, we see that it 

must have the expansion Xq = Xa^": where the coefficients Xa^ each q = 1,2, are 
generators of A(j)*T^^'^^X . Inserting this into ([7.2|), yields 

Vi = -\^ijKL[Mxixhd I xV^''. (7.3) 
2 ^ Jm 

While the wedge product A is exact it is not harmonic. Set A = e"'^ dg, 

where g is a one form on M. g is only defined up to exact pieces so to be definite we 
demand that d* g = 0. 

The actions become, 

J^^ Li = J^^ Q5ij('Ao)#i * #i + eij{(Po)xi * dv±^ (7.4) 

f L2 = \eij{M f xidxi-Aif dxig. (7.5) 
Jm 2 Jm Jm 

where we have set A/ = l^ijKL{4>o)e°''^xixj3 Vo ■ 
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We now complete the square 

f L2 = leui^o) I (A + e'^'KKg) d (xi + e'^^KLg) + ^A/e^Aj / gdg. (7.6) 

Notice also that the part of (^3) that involves x± is 

/ eij{(t>o)xi*dvi= f eij{cPo)(xi + e'''AKg)*drii, (7.7) 
Jm Jm ^ ' 

since we have chosen d*^ = 0. We now change variables in the path integral. Since Xj_ 
only appears in the action in the combination = x;^ + e^^Aj^ 5, we change variables 
to xl- Does such a change of variables make sense? The answer is yes. Firstly, since 
A/ is Grassmann odd we are maintaining the grading of the fields. Secondly, g lives in 
-ff^(M) so this character of the field is also preserved. Lastly, the Jacobian for such 
a change of variables is unity since the object by which we are shifting Xj_ does not 
depend on Xj_- 



Hence the actions (l7.4[ ) and (|7.q ) can be grouped as follows 

^0 + = / (Li + L2) (7.8) 
Jm 



where 



So = ^A,e"Aj / gdg, (7.9) 
2 Jm 

S± = f ( Jffii((Ao)#i *#i 
Jm \^ 

+ l^uiM I xidici + eij{(t>o)xi * diji) . (7.10) 
2 Jm ) 

This shows us, once more, that the path integral over all the fields splits nicely as, 

^$0 6"*^° \d^^q~^^. (7.11) 



The path integral, 

= y D^x_ e-^^, (7.12) 
is essentially the same one that was discussed in the rank 3 case so it gives a factor of 

(|Hi(M,Z)r)". (7.13) 
It is the first factor that is of interest, 

Zo = / 6"*^°. (7.14) 



The integral /x(M) = /^^ gdg, is a well-known invariant of the manifold M (see Q 
for the Poincare dual linking number definition). The Casson invariant in this case is 
-|Hi(M,Z)|'/i(M). 
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We have then that 



Z|^[M]=4(AMr, (7.15) 

where, 

-x = jd^o ^ ^ . (7.16) 
Below, we will establish that c'^ = cx- 

7.1 On the Relationship with [BeHa] 



In [BeHa I the LMO invariant and the Lescop invariant for manifolds with 6i(M) = 
2 were related. These authors established that the coefficients of the powers of the 
Lescop invariant are related to evaluations of certain diagrams that we can refer to 
as H diagrams. One should, as we have previously seen, think of the vertices in the 
Rozansky-Witten theory as if they are 3-point vertices, the tjq leg being thought of as 
the 'coupling constant' (i.e. one focuses on the order of the ryg in the expansion). This 
3-point vertex, 

V?jK Xixixf = I ^IJKL xixU^ e'^^\ (7.17) 



is what appears finally in (6/7) in the rank 3 case. Ignoring the r/g, we see that the 
vertex carries 3 legs which are attached to the three Xa ^^^o modes. Each of the legs 
carries a different value of a = 1, 2, 3. In the current situation, however, we find in the 
exponent not a 3-point vertex but rather a 4-point vertex (which is quadratic in the 
coupling constant) 

VUl x{xixU2 = e^'Aj. (7.18) 

This vertex is the H diagram. The vertex is really a join of two 3-point vertices along 
the leg marked 3. The external legs can only carry the labels 1,2. 

We note that there is another way of expressing the integrals that still need to be 
performed and which exhibits very clearly that the 4-point vertex comes from the join 
of 3-point vertices. Introduce another Grassmann odd variable tp^ . Then we haveP^ 

/d,We(-^*'^"*' + =e(-j°'*''"M. (7.19) 



^^Setting a = in ( |7.19[ ) shows that the normahzation is J djj.{'tp) exp {-l/2ip'eij'tp-') = 1, while 
difFerentiating twice with respect to A and setting a = 1 and A = shows that < ip^Tp'^ > — 
J dfiii^) exp(-l/2V'^eKZ,^'') VV-" = e''^. 
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In this way it is as if we have an extra x harmonic mode, that is if)^ plays the role of 
X3- The 4-point vertex then is really understood as 

VijKL xixixfxk = \vUk, xtx2' ii^H'^) VjIj,k, x('x^', (7.20) 

meaning a contraction of two 3-point vertices along the legs marked with a 3. 

So far we have shown how the H diagrams arise in the Rozansky-Witten theory. 
Now we will see that this characterization of the H diagram automatically establishes 
that the constants cx for rank 3 manifolds and for rank 2 manifolds are equal. The 
expressions ( 7.19| ) look like those obtained for the rank 3 case. In fact the resemblance 
becomes equality with the following observation: To saturate the integral over tj^ one 
must expand the exponential, 

e«^^^', (7.21) 

out to the 2n'th term. However, in so doing we will also have 2n products of 'ip^ , which 
is exactly what is required to be able to perform the ip^ integral. Consequently, the only 
term of the expansion of the exponential of the quadratic term, exp {—l/2ip^ejjilj'^), is 
the zeroth order piece, namely 1. 



Consequently, we have that 



Id^oe-I/^W^^^"^^ = j d^,e-^/^^^IJKL^'xix^ll'' 

= /.(Mre(X), (7.22) 

where the measure on the right hand side of the first equality includes that of the V'^ 
field. Now we are done since, 

\{M)=e{XAH)\Hi{M,'L)\' ^i{M), (7.23) 

we have shown that 

Z^^[M]=cx\{MY. (7.24) 



8 Manifolds with hi{M) = 1 

When bi{M) = 1, the vertex Vi can have at most one harmonic ■ Note that in order 
to saturate the integral over the harmonic fields, there is a bound 

p + q>2n. (8.1) 

This bound is already implied by ( |5.4| ) and so appears to convey no new information. 
However, one should read it in a different way. It tells us that the equality can be met 
only if one of the x^ that appears in the Vi vertex and the one that appears in the V2 
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vertex are harmonic. Let a; be a generator for H^(M, Z) so that we may write Xo = c^'^; 
where u) satisfies a; * a; = 1. As before, if a field appears with a _L subscript then it is 
orthogonal to the harmonic modes while, if it has a zero subscript then it is understood 
to be harmonic. We may as well set 

^1 = ^ (oij d(t>i * d4>{ - jf^jf^eAB^iJKLxivo A * d4>{ + 2e/jxi * dvi) 

= 9i-jdA(f)± * fi^l + e/jxl * dr]i (8.2) 

^2 = ^ (eij{(pQ)x^^dxi + ^iJKLxixixoVo) , 

= l^uiMxidAxi- (8.3) 



The covariant derivative in (|8.3| ) is defined by 

dAx' = dx' + A'kx'' (8.4) 

where the "connection" is 

A'j = -e'^'iM^MNJKiMXoVo (8.5) 

= a^ju, (8.6) 

and 

a J = -e'^^iM^MNJKiMc^Vo- (8.7) 
The connection is flat; since the tensors that appear in (8.6) depend only on the 



constant maps, and the fields there are also harmonic, we are assured that dA^j = 0. 
Furthermore, as A^j is proportional to u), we know that A^j A A-j^ = 0, so finally 

Fa = 0. (8.8) 

Notice that the connection ( ^.6| ) is symmetric when the labels are both down, Ajj = 
ejxA^ = Ajj, by virtue of the symmetry properties of ^jjkl- 

8.1 A Path Integral for Ray-Singer Torsion 

We now remind the reader of how one formulates the Ray-Singer Torsion in terms of 
path integrals. This is a small variant on the formulation introduced by Schwarz [Q. 
Let y be a vector bundle over M with a fixed flat connection A. One begins with an 
action 



So= f 7;^iJX^dAX'' 
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which makes sense for any M with real dimension 4fc + 1 with the Grassmann even 
2k forms with values in V or with real dimension 4fc — 1 and the &re Grassmann odd 
2k — 1 forms with values in V. As it stands this system is not well prescribed since 

Soix' + dAcl)') = Soix'), (8.10) 

that is, the action enjoys a gauge symmetry. In general cf)^ will be a form of one degree 
less than that of x^ ■ The symmetry requires that the connection be flat. Hence on the 
space of x^) denoted by X, there is an action by the gauge group Q given by 

<p{x') =x' + dA(l>', 4>(^Q- (8.11) 

We do not wish to integrate over X but rather over X /Q. Equivalently we chose to 
integrate on a slice (section). In doing this one needs to compare Riemannian volumes 
on the section and on the space X. This comparison shows that one must multiply by 
a volume factor, namely the Fadeev-Popov determinant. Ultimately one finds 

g-5o= I e-'^0 5(s) Afp, (8.12) 
x/g Jx 

where s denotes the section of choice. 

Typically one takes the section to be 

s' = dA*x', (8.13) 

since, with respect to the metric on M, it projects along the direction of gauge trans- 
formations. The path integral with this choice of gauge is 

f Q-So = f Dr]^D(l)^D(l7e~^<', (8.14) 
J x/g Jx 



where 



Sa = So+ [ euV^dA *X^ + I ^-^dA * dAcp^ga- (8.15) 

Notice that the path integral over rj^ is there to give back the delta function constraint 
onto the section ( 8.13D while the integral over reproduces the Fadeev-Popov deter- 
minant. 



The sum of the actions of (8^) and (|8^ 

Sb = So+ [ eiWd*x^+[ ^'^d*dA(l)^9jj. (8.16) 
Jm Jm 

almost coincides with ( |8.15| ). A glance at ( |8.16| ) suggests we are quantizing the same 
starting action (|8.9|) , but with a different choice of section, 



s 



' = d*x'- (8.17) 
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We would expect that the path integral would not depend on which choice of section 
we make use of. This is not quite true due to the presence of zero modes of the fields. 



The path integral that we wish to perform, with action (S.16), has the condition that 
we do not include an integration over the constant cf)^ and r]^ modes, nor do we integrate 
over the harmonic part of ■ However, in evaluating the path integral which gives us 
the Ray-Singer Torsion, no such restriction is made, since one requires the cohomology 
of dA to be acyclic (if it is not acyclic then one explicitly projects out the harmonic 
modes of the twisted Laplacian). The path integral that we want is then not equal to 
the path integral for the Ray-Singer Torsion, but rather is equal to the path integral 
for the Ray-Singer Torsion divided by the integration over the harmonic modes (of the 
usual Laplacian). 



.18) 



The part of the path integral (8.14) over the harmonic modes is 

J det [aiKa j) 

We have found then, for manifolds with hi[M) = 1, that the path integral i^ 

= /^det(a) (rRs(a))i/2 (8.19) 

where TRs(a) is the Ray-Singer Torsion for the connection A of a flat sp(n) bundle over 
M (in the 2n-dimensional representation). Since in the integrand we must pick a top 
form, one may move the 27r factors into a different position, 

Z|^[Af]= / det(a/27r)(TRs(a/2^))^/^ (8.20) 
Jx 

8.2 A BRST Argument 

There is an equivalent way to express the fact that the path integral that we are inter- 
ested in yields ( ^.19| ). We start with a BRST formulation of the model given by the 
action ( ^.91 ). The BRST symmetry in question is 

Qx^ = dA^^, Q(p^ = 0, Q(l7 = g'^ejirj^, Qv^ = 0, (8.21) 

and Q2 = 0. We may still decompose the fields as to whether or not they are harmonic 
with respect to the usual de-Rham operator d so that ( |8.21| ) splits as 



Qxi = dA(t>i Qxi = AjH 



(8.22) 
and 

= QK Qvi = = Qvo- (8.23) 



3 The prefactor of {1/2tt)^" is part of the normalization of the path integral. 
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Notice that the action ( |8.9| ) is in fact 

So= f \^iJx{dAxi- (8.24) 

We take the holonomy of X to be irreducible]^, which means that A^^cj)^ = imphes 
that (f)^ = 0. This is not reahy a restriction since we will not be using any special 
properties of the curvature 2-form in any case. So, put another way, we are considering 
sp{n) matrices a^j which are invertible. The fact that Xq = "^c^ makes no appearance 
in the action is due to the fact that it is pure gauge (that is it can be gauge transformed 
to zero), since 

uc^ = dAia'^YjC-^. (8.25) 



We may gauge fix in two stages. Firstly we fix the _L modes, and the gauge fixing 
term is taken to be 

{Q, 9ijxi * dcPi} = [eijxi * drii + g,jdA(t>i * #±) • (8-26) 

Up to this point we see that the path integral that we are interested in has as its action 
( |8.24| ) and (8.26). However, the path integral for the Ray-Singer torsion requires that 



we also gauge fix the zero mode symmetry. In fact we should set to zero since, by 
( |8.25| ) it is pure gauge. In order to do this we add 

{Q, J^^ 9uxi * ^^J} = {eijc'rj^ + gj-ja'^^ . (8.27) 

While this two step gauge fixing is not the usual covariant gauge fixing we know that, 
nevertheless, it leads correctly to the Ray-Singer torsion, since it differs from the co- 
variant gauge fixing terms by a BRST exact term. Denote the path integral for the 
Ray-Singer torsion by Zjis, the path integral that one gets simply by integrating over 
the perpendicular modes, with action ( ^.24D and ( |8.26| ), by Z±, and the zero mode 
partition function by Zq that comes from ( p. 27 ). The path integral now nicely factors 
as 

Zrs = Z± Zo, (8.28) 

or put another way 

Z^ = Zrs/Zo = det(a) (rRs(a))^/2 ^ (g_29) 



''This means that }i'^{M,V) = 0. The Ray-Singer torsion (up to some power) is defined to be the 



path integral over the fields in (S.21) with the proviso that they are orthogonal to the harmonic modes 



of dA- As we have seen, this means that there are no restrictions on cj)' , 4>' or 77^ and the condition on 



Xx is the same for both this theory and the one of real interest given in (pj, S.3) 
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8.3 Explicit Expression for the Path Integral 



Since a takes its values in the adjoint representation of sp{n), by a global gauge transfor- 
mation we may rotate it into the Cartan sub-algebra of sp{n). Denote the n eigenvalues 
of a/27r by Xj. Then a/27r is conjugate to diag {xi,X2, ■ ■ ■ , x„, —xi, —X2, ■ ■ ■ , —Xn)- 

Set ti = e^^. Rewrite the integrand of ( ^.201) as 

n 

det(a/27r) (rRs(a/27r))^/2 = Y[x^ tMU). (8.30) 

i=l 



In ( 8.30 ) Tpj,F is the Reidemeister-Franz Torsion. The sp(l) Ray-Singer Torsion for a 
connection 

is the square of the Reidemeister-Franz Torsion for a/27r. 



8.4 Reidemeister-Franz Torsion and the Alexander Polynomial 

The relationship between the Reidemeister-Franz Torsion and the Alexander Polynomial 
allows us to re-express the Rozansky-Witten invariant in a form that will prove useful for 
comparison to known results about both the Lescop invariant and the LMO invariants. 
It is known that the Reidemeister-Franz Torsion and the Alexander Polynomial]^ for a 



compact closed 3-manifold M, AM{t), are related by [Tu 



^«i^(^;*)= (^TT^^T^- (8-32) 
On substituting t = e*^, we see that this relationship may be rewritten as 



/ x/2 



2 



.^.„.(A/;e-)=(^-^) AM(e-), (8.33) 



SO that 



n 



Y[x^TRF{M;e^^) = A{X)l[AM{e''n. (8.34) 



i=l i=l 



We have then^ 



„ n 

Z|^[M] = -/ A(X)nAM(e^*). (8.35) 

"'^ 1=1 



^^AM{t) is normalized so as to be symmetric in t and t ^ and so that Aj\/(1) = 1. 
i^The sign has been fixed in and Q. 
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Given any compact hyper-Kahler manifold X of dimension 4?7- the Todd genus is 
n + 1, so that (^j, 0) 



X 5^] = -(n + 1), (8.36) 

since A52X51 (i) = 1- The S't"! series is then enough to guarantee that there is a non-zero 
invariant in every dimension for S"^ x S^. 

Since the Chern characters of the tangent bundle of S"!"! have been shown to be 
non-zero up to n = 8, we know that all the invariants are realized up to this degree for 
any 3- manifold M with 61 (M) = 1. 

8.5 On the Relationship with [GH] 



In this section we assume some familiarity with the notation used in | GH |. According 



to [GH| for rank 1 manifolds with no torsion in Hi(M, Z) (= Z), the LMO invariant 



may be written as 

Z^^O(M) = (expua(M)). (8.37) 

The notation is as follows; a{M) corresponds to a particular set of diagrams (more on 
this below), the cup u means take the disjoint union of diagrams (the exponential is to 
be understood in the same way) the brackets ( ) mean contraction over all external legs 
in all possible ways. 

We now need to explain what a{M) is. Let 
-^iog (Z\A/(e-jj = 

m=l 

and 



log (Aj,(e^)) = £ 02„,(Af) i-"", (8.38) 



m=l 



The logarithm of our favourite product is then 
By definition we have 

00 

a{M) = (262m + 4™ (M)) 

m=l 

where the powers of the indeterminant x have been replaced by the wheel diagrams 
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How does this data compare with what we have just learnt about the Rozansky- 
Witten invariant? The integrand is expressible as 



exp I -2 J2 (2&2„^ + 4^(M)) • Tr ( — ) ) (8.42) 



m=l 



\ 2^?^^ 



, 2m 



The correspondence is thus quite clear. The diagrams uj2m are replaced by — 2 Tr ( ^ j 
the cup product should be read as the wedge product and contraction over all legs 
becomes integration over X. Under the conditions that they consider, 6i(M) = 1 
and |Hi(M, Z)|' = 1 the LMO invariant is determined by and indeed determines the 
Alexander Polynomial. The same is true for the Rozansky-Witten invariants (we do not 
require that |Hi(M, Z)|' = 1). Clearly the Alexander Polynomial determines Z^^[M]. 
The converse is also true, since, as one increases the dimension of X, higher and higher 
derivatives of the Alexander Polynomial make an appearance. When, dim^ X = 4n, 
one has Aj^"^(l) and lower order derivatives appearing on the right hand side and so 
one may, inductively, determine the Taylor series of the Alexander polynomial around 
t = 1. 



9 The Hilbert Space on 5^ 

The techniques that we have been using thus far do not suffice to give closed form 
expressions for the invariants when the rank is zero. We need to make use of another 
point of view on the path integral.0 

A path integral on a manifold with boundary prepares (meaning is) a vector in 
a Hilbert space of states. More often than not the Hilbert space is really an infinite 
dimensional Fock space. In some very special circumstances the 'Hilbert' space is a 
finite dimensional vector space and has some properties that we would like it to have, 
for example it comes equipped with a non-degenerate inner product. The inner product 
may not be (and here is not) positive, but the vector space will be called a Hilbert 



space of states. It was conjectured in [ RW | that providing one chooses the hyper-Kahler 
manifold X to be compact, fortune smiles on us and the Hilbert spaces of states for 
the Rozansky-Witten theory are related to certain cohomology groups of X (so that, in 
particular, they are finite dimensional). Supporting evidence for this was provided in 
Q and we will use this fact below. 

9.1 The Hilbert Space for (non) Compact X 

If a manifold X is non-compact one has a choice of which cohomology one considers for 
the space. For example when Xsu(2) = ^AH, by the work of Sen |Q on the duality 



""This may well be related to the fact that the invariants are truly effective only for bi{M) — 0. 
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conjecture of = 4 super Yang-Mills theory in four dimensions, it is known that in L^- 
cohomology there is only one non-zero form, which must be a (1, 1) form. On the other 
hand, when we come to consider the properties of the invariants under connected sum 
we wiU see that the total number of states available depends on the cohomology groups 
H(o.p), which we would say is empty for Xah if they are understood as This 
would have the nasty consequence that the Rozansky-Witten invariant would vanish for 
52 X SK 

Different choices of cohomology for non-compact X can, therefore, lead to wildly 
different results. It is for this reason that we make use, in the following, of compact 



hyper-Kahler manifolds. It was argued in RW | that there is no loss in doing so since, in 



any case, the only dependence on X is through integrals like ( [4.20| ). Thus if we take the 
manifolds to be compact, we can consider the usual cohomology theory of these spaces. 
Once the dependence on X is worked out for arbitrary compact X and written in terms 



of integrals of the form (4.20) then this dependence will be correct also for Xq. 



However, in the case of non-compact manifolds one needs to make use of a slightly 



different set of basic observables [RW|. For example, they may be based on powers of 
O = (.■hJ^e^^K.^L.L, ni,K,J,L,^l,K,J,L,) r]''v'\ (9.1) 

suitably normalized, or on other combinations of the curvature and holomorphic two 
form. There are a number of conditions that must be met by these operators. Firstly, 
whatever these operators are, in the compact case they must be equivalent (cohomolo- 
gous) to the original observables 0{k). Furthermore insertions of these operators in the 
path integral ought to lead to integrable expressions (on X). Finally, they should obey 
the condition ( [4.31 ). 



9.2 Partition Function in terms of the Hilbert Space 

The boundary in the present setting is a Riemann surface S. Given such vectors in 
the Hilbert space one can use the usual tenets of quantum field theory to reconstruct 
the partition function Z^^[M]. For example the path integral of the field theory on 
the 3-ball prepares a state on the boundary 5^ (the Hilbert space will be described 
shortly). We denote this state (vector) by 

Let C M a 3-ball inside M. Then the path integral on AI\B'^ will give us another 
vector in the Hilbert space which is denoted by 

I M\S3 > . (9.3) 

The path integral tells us that the partition function on M is given as the inner product 
of the two vectors 

Z§^[M] =< B^ I M\B^ > . (9.4) 
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In this notation one has that if M is a connected sum M = Mi^M2, where 

dMi = 52 = 5M2, (9.5) 



then 

Z§^[M] =< M2* I Ml >=< Ml* I M2 >, (9.6) 

where a star superscript means take the opposite orientation. There is a more general 
formula available, which is obtained by similar arguments. Let M have a Heegaard 
decomposition along a genus g Riemann surface T,g as M = Mi^y,^M2, where 

dMi = ^g = dM2, (9.7) 

then 

Z|^[M] =< M2* I Ml >=< Ml* I M2 > . (9.8) 



We will make use of formulae of the above type to establish the properties of the 
generalized Casson invariant under the operation of connected sum. Before that we 
need a digression on the invariants of S^. 



9.3 The Path Integral on 

Rozansky and Witten have established that their generalized invariant Z^^[M] under 
change of orientation behaves as 

Z|^[M*] = (-l)"(i+^iW)z|^[M]. (9.9) 

Insertion of the operator 0{k) essentially lowers the effective dimension of X by Ak to 
4(n — k), so that under orientation reversal 

zRW[M*,0{k)] = (-l){"-'=)(i+f'i(^^))z|^[M, 0{k)]. (9.10) 



One may obtain (9.10) as follows. The orientation properties are determined by counting 
the number of e^i^p tensors that appear in the perturbative diagrams. There is one such 
tensor for each Vi vertex and one for each x propagator, < XX >) so the behaviour 
under sign reversal is multiplication by 

(-l)#Vi+*<xx> _ (9.11) 

For a diagram with p V\ vertices, q V2 vertices and an insertion of 0{k) we have 

p + q + 2k = 2n (9.12) 

by counting rj harmonic modes. On the other hand, as discussed above, when there 
are x zero modes they must appear in the vertices, so the number of x's which are 
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not zero modes in Vi is 3 — 61 (M) and the number in V2 is 1 — bi{M). The number 
of X propagators is simply one half of the total number of non-harmonic x legs in the 
diagram and since the legs can only come from vertices we have 

#<XX>=1 ((3 - bi{M))p + (1 - h{M))q) . (9.13) 

The sign is then determined by 

P + # < XX >= ^(1 - bi{M)){p + (?) = (!- 6i(M))(n - k). (9.14) 

If there are orientation reversing diffeomorphisms available on M, then ( |9.10| ) tells 
us that 

Z§^[M, 0{k)] = (-i)("-'=)(i+^i W)z|^[M, 0{k)], (9.15) 

which provides a vanishing theorem for some of the invariants on M. For example 
admits an orientation reversing diffeomorphism, so that the Casson invariant (corre- 
sponding here to n = 1, A; = 0) enjoys 

X{S^) = -X{S^) = 0. (9.16) 

In fact from ( |9.1[l| ) we learn that for manifolds with bi (M) = which admit orientation 
reversing diffeomorphisms, the invariants Z^^[M,0{k)] will necessarily vanish unless 
n — k = 2m for some m. 

We would have liked the slightly stronger result that Z^^[S^, 0{k)] will necessarily 
vanish unless n — k = 0, this, however, does not seem to be available. Potentially this 
is worrisome as one would expect that a generalized Casson invariant for M such that 



7ri(M) = 1 would vanish. (For example the SU{3) invariant of Boden and Herald [ BH | 
is designed to vanish for M such that 7ri(M) = 1.) We suggest, therefore, that the 
generalization of the Casson invariant for a rational homology sphere that matches the 
gauge theoretic SU (3) one is not Z^^ [M], but rather 



Xsui3){M) = Xxsu^s.iM) = Z§^^JM] - |Hi(M,Z)| Z§Y^JS% (9.17) 

where Xsu^^^-^ is the reduced SU{2) 3 monopole moduli space. Not only does this satisfy 
the requirement that Axg^jg) (S^) = 0, but it also has good properties under connected 
sum, as we will see. For ZHS's our proposal amounts to 

Xsu(3)iM) = Z^m - zns\ (9.18) 



9.4 The Hilbert Space on S"^ and the Connected Sum Formula 

The Hilbert space of states on a Riemann surface was described in [RW|. Here we will 



look at the small Hilbert space of states, TCs, those states which are Q invariant (modulo 
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exact terms). The Q operator is identified as the Dolbeault operator d on X. The small 
Hilbert space will be related to 9-cohomology of certain classes of forms on X. 

The Hilbert space of states on S^, "^52, for a compact hyper-Kahler manifold X is 

2n 

= 0H(O''=)(X). (9.19) 
fc=o 

The following result, which follows from Berger's classification theorem on the holonomy 
of Riemannian manifolds, is useful (for this and some other useful information on hyper- 
Kahler manifolds one may consult [^^ ]). The holonomy group of X is a subgroup of 
sp(n) and if X is irreducible, then it is sp(n). Let h^^''^) = dimH^^''?), for irreducible X, 

h(0''=)(X) = 0, Vyfcodd 

\^{m{^X) = 1, V/ceven. (9.20) 

This means that the real dimension of "^52 is n + 1. Furthermore, the elements in 
fj{o,2A:) ^j^-j generated by the fc-th exterior power of the holomorphic symplectic 2- 
form e. Consequently any vector in 71^2 can be expressed as 

V = ®l=oVke^. (9.21) 

Denote the path integral that includes insertion of the observable corresponding to 
in the 3-ball by 

>= |53^0(A;) > . (9.22) 

Let the states 

<il^^^^\=<{B^)*,0{k)\, (9.23) 
be defined in such a way that, 

Zr[S\0{p + q)] =< {B^)\0{p)\B\0{q) > . (9.24) 

Let M be a rational homology sphere and C M a 3-ball inside M. Since ^52 is 
n + 1-dimensional, the path integral on M\B^ yields a state that can be expanded in 
the basis generated by (9.22). This state is then 



\M\B^ >= J2 >^xiM) IV^^''^ >, (9.25) 

A:=0 

for some coefficients A^(M). 

To determine the coefficients in ( |9.25| ) we require some properties of the path integral 
on S"^. Before proceeding to the general case we review the way that Rozansky and 
Witten derived the connected sum formula for the Casson invariant, n = 1, and then 
derive the analogous expressions for n = 2. 
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9.4.1 dimiRX 



When n = 1, the Hilbert space is 2-dimensional and ( 9.25| ) is simply 



\M\B'^ >= X°x{M) \^P^^^ > +Xx{M) > . (9.26) 
In this case we have the inner products 

We deduce that 

Z§^[M,0{k)] = XSciM) < > +Ax(M) < V'^^'^^IV'^^^ > 

= X^xiM)Z§'^[S^O{k)] + XUM)Z§^[S\0{k + l)] 

= X%{M)6k,i + X\,{M)6k,o, (9.28) 

or put another way 

A^(M) = Z|^[M,0(l)] = |i/i(M,Z)|, 

X\{M) = Z§^[M], (9.29) 

and 

\M\B^ >= Z|^[M] > +\Hi{M,Z)\ > . (9.30) 
One can hkewise ascertain that 

\M\B^, 0(1) >= \Hi{M, Z)| 1^/^(2) > ^ (9_3i) 

The state < {M\B'^)*\ designates the path integral on the manifold with boundary S'^ 
but with opposite orientation. One can expand this state also as 

< {M\B^)*\ = Z§^[M] < V-^^^l + \Hi{M,Z)\ < V-^^^l (9.32) 

so that 

Z«^[Mi#M2] = |/fi(Mi,Z)|Z|^[M2] + |i/i(M2,Z)|Z^^[Mi] (9.33) 

Z|^[Mi#M2,0(l)] = 1771(^1^1,^)11771(^/2,^)1 = |77i(Mi#M2, Z)|. (9.34) 

These formulae tell us all we need to know about the connected sum properties of the 
Casson invariant. 
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9.4.2 diiTiK X = 8 



In this section we will repeat the calculation of the behaviour of the path integral under 
connected sum for n = 2. This time the Hilbert space is 3-dimensionaI, so for ( |9.2^ ) we 
have 

\M\B'^ >= A5f(M) > +Xx{M) IV'^^^ > +A^(M)|V'(^) > . (9.35) 

The problem that we face has to do with the inner product. This time we only know 
that 

{1 for A; = 2 
for A; = 1 . (9.36) 
a for k = 

We have not determined the constant a = \S'^\ and see no obvious way of specifying 
it,^ without, that is, resorting to a direct calculation or by appealing to Chern-Simons 
theory. However, let us see how far we can go without knowing a. 

We have 

= A^(M)Z|^[5^ Oik)] + X\iM)Z^'^[S^ Oik + 1)] 

+X^xiM)Z§^[S^Oik + 2)] 
= X%iM)ia6k,o + 6k,2) + XxiM)6k,i + XjciM)6k,o. (9.37) 

We deduce therefore that 

X^iM) = Z§^[M,Oi2)] = \Hi{M,Z)\^ 
X\iM) = Z|^[M,0(1)] 

X\iM) = Zf^[M\- a\HiiM,Z)\^. (9.38) 

As previously explained, the insertion of the operator 0(1) reduces the effective dimen- 
sion of the hyper-Kahler manifold X by 4, so that Z^^[M, 0(1)] is proportional to the 
path integral Z^f[M]. This means that X^iM) is proportional to the S'C/(2) Casson 
invariant. We would like to call A^(M) the degree 2 Casson invariant. 

How do these behave under connected sum? First we note that 

< iM\B^y\ = A^(M) < V^^^^l + A^(M) < V^^^l + Xj^iM) < V^^^^l, (9.39) 

so that 

Z|^[Mi#M2] =< iMi\B^)*\M2\B^ > . (9.40) 
^^In this case one cannot appeal to orientation reversal to rule it out. 
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We find that 



Z|^[Mi#M2] = A^(Mi)A2,(M2) + A^(M2)A^(Mi) 

+A3,(Mi)A^(M2) + aA^(Mi)A0,(M2), (9.41) 

which can be put in the nicer form 

Al,(Mi#M2) = aO,(Mi)A^(M2) + A3,(Mi)A^(M2) + A1,(Mi)A^(M2). (9.42) 

9.4.3 dirtiK X = 4n 

In this section we will provide a proof that the invariants A^(M) satisfy a pleasing 
property under connected sum, namely ( 9.50| ) below. In order to do so we will make 



use of a property of the inner product in the basis (9.22). Let, 

< ^(2fc) 1^(20 (9.43) 

From the definitions we have that G is a (n + 1) x (n + 1) symmetric matrix where 
k,l = 0, 1, . . . , n. G has all unit entries on the anti diagonal, that is Gk,i = 1 if /c + Z = re, 
and only zero entries below the anti diagonal, Gk^i = if A; + / > re. Consequently 
det G = ±1, so that in particular G is invertible. All of these properties follow from the 
fact that 

= Z§^[S^,Oik + l)]. (9.44) 
With this inner product in place we now claim that 

n—p 

\M\B^, 0{p) >= J2 A^(M)|V(^'=+^P) > . (9.45) 

fc=0 

The advantage of having such a formula is that it involves a smaller number of vectors 
on the right hand side and so effectively decreases the size of the Hilbert space that we 
have to work with. To establish ( |9.45 ) we note that quite generally. 



n—p 



\M\B^,Oip) >= ^7i(M)|V'(2^+2^) >, (9.46) 

fc=0 

for some, to be determined, coefficients 7^(M). By construction 

< {B^y, 0{q)\M\B'\ 0{p) > = < {B'^y, 0{p + q)\M\B^ >, (9.47) 
which means that 

n n 

J2 l'xiM)G,,k+p = E Ai(M)Gp+,,fc. (9.48) 

k=0 k=0 
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Taken together with the fact that Gq^k+p = Gp^q^k and that G is invertible one has 
7^(M) = Xj^{M) as claimed. Thus we have that, 



n—p—l 



Ar"(M) = Z|^[M,0(p)]- Y: Ai(M)Go,fc+,. 

fc=0 



(9.49) 



This equation is recursive, meaning that the right hand side only involves A^(M)'s for 
/c's of lower order. 



The connected sum formula that we wish to prove is 

A^(Mi#M2)= J2 Ai(Mi)A^Y(M2). 



(9.50) 



k+l=p 



We will establish by induction on p. Since \\{M) = |Hi(M,Z)| (|]5^ holds for 

p = 0. 

The connected sum, property is 

Z|^[Mi#M2,0(n-p-l)] 
=< {Mi\B^Y\M2\B^ ,0{n - p - I) > 

n 

,i+n— p— 1 

k,l=0 
k+l=p+l 

,l+n-p-l- 

0<k+l<p 

If we can show that 



A^+\Mi#M2) = Zf^[Mi#M2,0{n-p-l)] 

- Y ^xiMi)X'x{M2)Gk ,l+n-p-l 

Q<k+l<p 



then we will have established ( p?50|) . By (|9^ 

A^+i(M) = Z|^[M, 0(n - p - 1)] - Y mM)Go,m+n^p^i. 

m=0 

By the inductive hypothesis, A^(M) satisfies (9.50) for all k < p, hence 

p 

Y A^(Mi#Af2)Go 



= E E ^xiMl)X'x{M2)Go,m+n-p~l 
m=0 k+l=m 
P 

= E E >^xiMi)X'x{M2)Go,k+l+n-p~l. 
m=0 k+l=m 



(9.51) 



(9.52) 



(9.53) 



(9.54) 
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As the summand in the last hne does not depend on m, we have < k + I < p, whence 

p 

J2 A^(Mi#M2)Go,m+n-p-l = E >^xiMi)\'x{M2)Go,k+l+n-p-l. (9-55) 
m=0 k+l<p 



We are done, since for M = Mi#M2 (|9^ ) and (@) imply (|]5|). 



Let us state the result of this section again 

A5,(Mi#M2)= A{Mi)MM2). (9.56) 

k+l=p 

Of course if one would prefer the connected sum formulae for Z^^[M, 0{p)\ then it is 
a simple matter to pass to those given the ones for the A^(M). 



10 The RW and LMO Invariants 

In order to make contact with the LMO and generalized Casson invariants we will find 
that we need to use normalized Rozansky-Witten invariants. In both cases, as we will 
see, the required normalization is such that the invariant vanishes on 5^. The reason 



this is needed to make contact with | LMQ | is basically a question of normalization of the 
LMO invariant and so appears here as a direct question of normalization. On the other 
hand for the Casson invariant there is a subtlety which arises in the gauge theoretic 
setting that requires us to normalize the invariants in precisely the same way as for the 
LMO invariants. The arguments we present for the exact form of the normalization in 
the Casson case are suggestive but not complete even at the physical level of rigour. 



10.1 Weights in the RW Theory 

To simplify notation, we will write Xn for an arbitrary hyper-Kahler 4n dimensional 
manifold. 



The Rozansky-Witten partition function can be seen to be given by (c.f. [ RW | 
(3.41)- (3.43)) 

Z|f[M] = (|Hi(M,zr)"E^r„(X„)/r„(M), (10.1) 

where are Feynman graphs associated with the fact that the manifold X has dimen- 
sion 4n and the weights 

hrAXn) = j^J^WriX,<Po)Vgd^^o. (10.2) 

Wr is a product of the tensors i7 with their indices contracted by the tensor e^"^ contained 
in the propagator and by g^i' - :^2n contained in the i]^ zero-mode expectation value. 
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Rozansky and Witten have established that the weights satisfy the IHX relations. 
More generally we will show in this section that 

Z^^[M,0{n-k)] = (|Hi(M,zr)'E^r,(X„)/r,(M), (10.3) 

where bYi.{Xn) is determined below. This shows that the insertion of the operators 
0{n — k) effectively lowers the dimension of X. The proof of IHX for hY„{Xn)-, which 
is essentially a consequence of the Bianchi identity for Qijkl, extends to br^.{Xn)- 

Introduce, 

Z^m = {\R,{M,Z\rT.brJr,AM) (10.4) 

which, given a hyper-Kahler manifold X, is a map from diagrams to numbers such that 
when X is 4n dimensional we have 

Z§^[M] = Z^^[M]{X). (10.5) 

We need to be more precise. So far we have defined the weights 6r„ as they act on 
manifolds X of dimension 4n, we will need to give a more general definition for their 
action on hyper-Kahler manifolds of arbitrary dimension. 

We will now show that insertions of the operators 0{k) (where M is a QHS since 
otherwise the path integral vanishes), have the effect of lowering the effective dimension 
of X. This means that the weig hts associated with Z§^[M,0{k)] are br, , , . It is 
easiest to start with a generating function for the insertion of the operators, 

Z§Y[M,a] = I D^e'^oJlM^iv'o-a^Vo^iJvi^ (10.6) 



where d{n) = (dn)^/"' and 

T ^^IJKLX X X - T, 

D Z 

Thus, 



= ^ ^IJKL XW^X"- - i^lf^lf'-eAB^UKL xV * (10.7) 



Zl^{M,0(k)\ = —^Zf^\M,a 

One first performs the integration over the modes ?7g in (|10.6| ) to obtain 

[M, a] = (ad(n))" ^ D<^e'^o e hi (^q g) 

Consequently, 

Z§^[M,Oik)] = (|Hi(M,Z|)" (,!'fe),gj! /^^^/^^^>o 

' -I r r \ n — k' 

^ I ^ IJ 



(10.8) 



a=0 



S/e^-' / Sj (10.10) 
^ Jm Jm 
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The integration over the ^-nd cf)^ fields generates all the graphs with the appropriate 
weights. We write, 

\l ^le'' I Sj) )(X„) = ^l^r,(X„,0o)/r,(M), (10.11) 



and clearly 



1 



(2^)2« Jx 



:i0.12) 



as it should. Substituting these expressions back into (10.10) one gets 



Zr[M,0{k)] = (|Hi(M,Z|) 



4?i, 



{n-k)\ {2ttY Jx„ 
E ^r(„_,,(X„,<^o)/r(„_,)(M) 



(10.13) 



- (n-fc) 



Now compare this with the partition function for a hyper-Kahler manifold 



Z^Y [M] 



(|Hi(M,Z|)^"-^) 
(27r)2{"-'=) 

(|Hi(M,Z|)("-^) 



X 



2 Jm 



IJ 



M 



(n-k)^ 
n—k\ 



(n-fc) 



(27r)2(n-fe) Jx' 

E ^r(„_,)(X[„_,),<Ao)/r(„_,,(M). 



(10.14) 



- (n-k) 



We see, therefore, that the same graphs will appear in (10.13) as in (10.14). The weights 
are the same if we define them by 



With these observations in hand we have 

Z^^[M,0{n-k)] = (|Hi(M,Z)|)"-'^Zf^[M]. 



(10.15) 



(10.16) 



10.2 Equivalence of the RW and LMO Invariants 

One may consider the lambda invariants in the same way as one does the Z^^[M, 0{k)], 
that is one introduces a A^(M) which acts on X's. Their definition may be read off 

(H), 

A^(M) = Z^'^iM, 0{n - k)] - E A™(M) Z^^[S\ 0{n + m- k)]. (10.17) 

m=0 
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The aim of this section is to convince the reader that the LMO invariants r2„ (M) 
(2.1) and the lambda invariants, A^(M), are equal 



(k) 



0„(M)(^) = A^(M). (10.18) 

For bi{M) > 1 we have already seen that the identification is correct. For bi{M) = 0, 
we cannot, at present, completely prove the equivalence, even at the physical level of 
rigour. In order to do that we would have to exhibit surgery formulae for both the 
Rozansky-Witten and LMO invariants, formulae which, unfortunately, we do not know. 
Instead we offer four good reasons for believing ( |10.18| ): 

Normalization 

The LMO invariant is designed to be unity for the 3-sphere. This also motivates 
the identification of A^(M) with J^„(M)('=) since, by (|]5|), 

XiiS^) = 0. (10.19) 

That it is that has this property rather than can be seen in perturbation 
theory. Since in perturbative expansions there is a close correspondence between 
the Rozansky-Witten invariant and the Chern-Simons invariants there is no reason 
why the Rozansky-Witten invariants should vanish for the 3-sphere (see below for 
more consequences of this) . 

Orientation 

The J1„(M)(^) satisfy^ [pMO | 



One can show, inductively, that the \\{M) behave under orientation reversal in 
the same way as Z^^[M, 0{n — A;)], that is 



\i{M*) = [-if{bi{M)+i) A^(M). (10.21) 



Weight Systems 



By Lemma (4.6) of [ LMO | one has 

17„ (M)('^) = m^"-'^) VLk {Mf^^ , (10.22) 

where, 

m = (M)(°) = |Hi(M,Z)|. (10.23) 



For (10.18) to hold one then requires a similar relationship among St the \i{M). 
For M of rank one or greater (|10.22D implies that 0„ (M)^^^ = for A; / n. A 



^Beware this is stated incorrectly in the eprint archive version of Proposition 5.2 in | LMO| ] 
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similar story holds for A^(M), namely if M has rank greater than 0, then for 
k ^ n, A^(M) = 0. We now need to address the rank case. 

Let M be a QHS. Suppose that for all j < n and for all i up to some fixed value 
k (less than j) that 

Xj {Mf^ = m^3-'^ A, {Mi^ . (10.24) 
We show that this implies that ( |10.24| ) holds for i = A; + 1, 



Aj(M)('=+^) = Zf^\M,0{j-k-\)\-Y,\\{M)Zf^\S^,0{3^i-k-\)\ 

i=0 



m 



'-"-'^Itl- (10.25) 



m 



To complete the induction we need only notice that X^{M) = Z/^^[M, ©(/)] = 
= m'Ao(M) for all /. Consequently, starting with i = 0, j = 1 we can prove 
inductively that (|10.24 ) holds for all i and for all j. 



Connected Sum Properties 

The LMO invariant | LMO[ Q{M) satisfies the following connected sum formula 



f7„(Mi#M2)(") = J2 ^niMi)^'''^nniM2)^''''^ (10.26) 

d\+d2=n 

A glance at ( |9.56| ) shows us that the A^(M) satisfy the same rule under connected 
sum as the il„ (M)^"^ 

The Conjecture 

The conjectured relationship between the Rozansky-Witten invariants and LMO can 
now be stated as 

|Hi(M,Z)|'^-'=W^f^ (zf'*^'^(M)) =A^(M) (10.27) 



For n = k = 1, the left hand side has been shown in |LMO] to be proportional to 
the Casson-Lescop- Walker invariant, while [ [RW[ established that the right hand side 
is proportional to the same invariant. The proportionality constants are fixed by the 



weights and so the conjectured equality (|10.27D has been established in this case. 
Remark (1) 
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The analogy with Chern-Simons theory helps to understand the connected sum formula 
and the normalization, since there we know that 



Zcs{Mi#M2) ^ ZcsjMi) ZcsiM2) , . 

ZcsiS^) ZcsiS^) ■ ZcsiS^) ■ ^ 

With this behaviour we see that the correct "normalized" invariants are Z{M) = 
Zcs{M)/Zcs{S^) in Chern-Simons theory, whence ^(5^) = 1. Recall that the Z^^[M] 
involve diagrams that arise in Chern-Simons theory, however the Z{M) invariants. 



which satisfy (10.28) involve differences of diagrams for the given manifold with di- 
agrams for S^. This is the nature of the X^{M) invariants. Denoting the terms pro- 
portional to I/k"" in Z by Z„ and in Zcs by Zcs,n we have an expansion Zn{M) = 



Zcs,n{M) - Zcs,n-i{M)Zcs, i(5^) + ■ • • , which is the analogue of 
Remark (2) 



It is quite impressive that, by this identification, the precursors of the LMO invariant. 



the A^, are coefficients of a vector, in a particular basis, in the Hilbert space on S*^. 



11 The RW and Generalized Casson Invariants 

Our suggestion for the correct generalization of the SU{2) Casson invariant, Aj\/, to 
gauge groups G of rank n is 

Ag(M) = A^^(M). (11.1) 

Part of the motivation for this is of course the relationship between the A^ and the LMO 
invariants. Perhaps more importantly this definition goes some way towards making 



contact with the work in [BH] where an SU{3) Casson invariant is defined rigorously. 



There the invariant vanishes for 5^, whereas Z^^ \S^] 7^ 0. 

The analogy with Chern-Simons theory allows us to show that Z^^^ ^ [S'^] does not 
vanish. Recall that the partition function, Z'^^ (^^-^[S'^ , k], of SU{2) Chern-Simons theory 
for is known in closed formp^ 

T /vr 
— sm — 



^F^(2)['5','^] = \/-sin(^). (11.2) 



Since the only flat connection on is the trivial connection, the perturbative expansion 



in about it should agree with the large k expansion of (11.2). The one-loop, or 



Ray-Singer Torsion contribution goes like k so that the loop expansion is 



\ n=l / 



^^The variable k = fc + 2 where k is the level. 
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and a comparison with ( |11.2| ) shows that ai = while 02 7^ 0. The vanishing of ai teUs 
us that there is no contribution from the G diagram, while the non-vanishing of 02 tells 
us that the sum of the double theta plus the Mercedes Benz diagram does not vanish. 
We know then that the /r associated with these diagrams do not vanish. As far as the 
group theory factor of these diagrams is concerned, it is proportional to the square of 
the quadratic casimir of the group, which also does not vanish for SU (n). Consequently, 
these diagrams will contribute in the case of SU{3). 

Why does the path integral that is 'designed' to yield the generalized Casson invari- 



ant not do so? The Casson invariant, from the gauge theory point of view of |Ta| or 



[BH|, is such that the trivial connection is always 'excised' when it comes to performing 
a count of (perturbed) flat connections on ZHS's. This is the reason that the Casson 
invariant and its generalization vanish for S^. There is, however, no such directive in 



the path integral for the supersymmetric gauge theory that was analyzed in |SW] and 



consequently, no such directive in the path integral formulation of [EIW|. It is clear, then, 
that it is necessary to subtract off the contribution, if any, of the trivial connection in 
order to arrive at the generalized Casson invariant. 

How are we to perform the excision? The perturbations, both in p?a| and ||BH| for 
ZHS's, are designed so that the product connection is isolated from the other (perturbed) 
flat connections that contribute to the invariant. This is also the case for the trivial 



representation in Walker's definition |Wa] of the Casson invariant for QHS's. Since the 
trivial connection contribution in these cases can be isolated its contribution can be 
subtracted if it is known. Unfortunately, the problem is that we do not know it. If the 
formula, 

A^(M) = Z§'^[M]-J2^x(.M)Z§'^[S^O{k)] (11.4) 

k=0 

is the correct definition for the Casson invariant, this suggests that the contribution of 
the trivial connection is 'universal' in that, regardless of M one is subtracting out the 
contribution of the trivial connection in S"^ (up to factors that depend on the cohomology 
of the QHS). 

If M is not a QHS then the product connection is not isolated from the rest of the 
moduli space of flat connections and one cannot "cleanly" subtract off its contribution 
to the invariant. However, for such an M, we have 

A^(M) = Z|^[M], (11.5) 

since Z^^[M,0{n — k)] = 0, VA; 7^ n (since for 61 (M) > the insertion of these 
observables gives zero). 



It is difficult to completely fix the relationship between the invariant of [BH| and the 



one that we are proposing for the SU{3) Casson invariant. However, we suspect they are 
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closely related to each other. The reason we believe this is that both are generalizations 
of the same object in the SU{2) case. pH| generalize the gauge theoretic construction 



of Taubes |Ta|. However, Taubes's approach is equivalent to the physics approach in 
the SU{2) case as presented in [Wl] and |BT1 ]. Here one can clearly excise the trivial 
connection and give a treatment more in line with the mathematical one. On the other 
hand, Rozansky and Witten are generalizing an alternative physics approach to the 
SU(2) invariant. With the small caveat made above, they are evaluating an equivalent 



path integral to the one proposed in |BT1]. 

As a small check we note that both of the invariants vanish on 5^ and they are both 
insensitive to the orientation of M. 

Note Added (August): Boden and Herald have shown that their invariant, which we 
denote by Abh, satisfieE0, p3H2 ], 



Abh(Mi#M2) = Abh(Mi) + Abh(M2) + AXsu{2){Mi)Xsu{2){M2), (11.6) 



where Xsu{2) is normalized as in |Wa]. While this is consistent with the invariants 
Xxsu{:i) -^BH being proportional 



(11.7) 



and 



2^ Xsu{2)iM), 



for some a, we do not believe that they can be related in such a simple way. Recently, 
it has been shown that the Boden-Herald invariant is not of finite type of degree < 6, 
[ BHKK| (their theorem 6.16) and so if ( 11. 7| ) were true then our conjecture would be 
false. 

Note Added (August): By making use of supersymmetry and other physics inspired 



arguments Paban, Sethi and Stern |PSS| have determined the integral of the Euler 
density over the SU{2) n-monopole moduli space and have found that it is equal to n. 
However, integrals of other densities are still not known. 



12 The Appendices 

A Some Properties of Hyper-Kahler Manifolds 

Generically the holonomy group of a real m dimensional Riemannian manifold is SO(m). 
If the manifold is complex of complex dimension p and the metric is hermitian then 

■^■^We would like to thank Chris Herald for informing us of this prior to publication. 
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the holonomy lies in U(p) C S0(2p). If in addition X is a hyper-Kahler manifold 
(diniK X = 4n) then there is a hermitian metric such that the Levi-Civita connection lies 
intheSp(n) subgroup of U(2n) C S0(4n). The complexified tangent bundle decomposes 
as 

TXc = TX C = F 0c 5, (A.l) 

where y is a rank 2n complex vector bundle with structure group Sp(n) and 5 is a trivial 
rank 2 complex vector bundle with structure group Sp(l). The Levi-Civita connection 
is a connection on V and is the trivial connection on S. Sp(l) labels are A, B, . . . , 
= 1,2, and there is an invariant antisymmetric tensor cab with inverse e"^^, 

e^'^'ecB = <5i (A.2) 

Sp(n) labels are I, J, . . . = 1, . . . , 2n, and there is also an invariant antisymmetric tensor 
e/j with inverse e^'^ , 

^'''eKj = S'j. (A.3) 
Local coordinates on X will be denoted (j)^ and the Riemannian metric is gij. The 



fact that the tangent bundle decomposes as in ( A.l ) means that there exist covariantly 
constant tensors 7/^^ and Yai ^^^^ describe the maps from V^S to TX^ and vice versa, 

:V<E)S^ TXc 
Yai -.TXc^V^S. (A.4) 

These maps are inverses in the sense that 

iflhj = ^B^j- (A.5) 
Using these tensors one may express the Riemann curvature tensor as 

Rijkl = -l^'lf^l^'^lF'^^ABecD^UKL. (A.6) 
where ^ijkl is completely symmetric in the indices. A useful relationship is 

9ijlAi = ^ABeijjf-^. (A.7) 

Fix on a complex structure so that (j)^ are holomorphic coordinates on X with respect 
to this complex structure. Then we may take 

^{j = 6aiS^j, lAi = 5A2g^^eji. (A.8) 

In such a preferred complex structure, the tensor 

tZ = g'^'eKj (A.9) 



52 



maps r(i'0)X to r(0'i)X while 

= ^'""sk-j^ (A.IO) 
maps Since the T tensors are inverses of each other, 

T'jT'-^ = fL and, T^T^ = 4, (A.ll) 

they provide an isomorphism between T^^'^'^X and T'^^'^^X. 

The holomorphic symplectic two form e is covariantly constant with respect to the 
Levi-Civita connection on V ^ 

dKeij-r^ieLj-rj^jeiL = 0. (A.12) 
In the preferred complex structure one finds that 

njjKL = -RjjKLT]Tl (A.13) 

At this point it is not completely transparent that ^ijkl is totally symmetric in the 
labels, however, it is indeed so. We pause to prove this. Since ejj is holomorphic we 
have 

&KdKeij = dK&Keu = 0. (A.14) 
From (|A.12| ), this means that 



%ri,eij = &kT^kj^lu (A.15) 
however for a Kahler manifold one has 

^W = %rSi^, (A.16) 

so that we have shown 



Hence eilR^ j is symmetric in /, J and K. On the other hand, from ( [A. 6] ) and ( A.13| ) 



JKL 

we have 



^IJKL = (-NjR^j^lT^i (A. 18) 



which shows that ^ijkl is totally symmetric. 
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B Berezian Integration 



Let V he a vector space. By a polynomial (bosonic) function on V, we mean an ele- 
ment of S{V*), the symmetric tensor algebra of V* , the dual of V. By a Grassmann 
(fermionic) function on V, we mean an element of A{V*), the exterior algebra. 

The Berezian integral of an element of A{V*), is its projection to the top dimensional 
piece (provided V is finite dimensional). It is a number, provided we have a metric and 
orientation of V (which yields a metric and orientation, and hence a trivialization, of 
the top exterior power). 

The rules for Berezin integration mean that the non-zero linear map T : AV* — > M is 
indeed an 'integral' and will be denoted as / d"^6. Here, the 9^^ form a basis of A^(V*). 
We normalize this integral in the following way, we let 



where 



(i""6i6i^i . . .6*^™ = e^i-'^'" (B.l) 



1 even permutation 

— 1 odd permutation (B.2) 
otherwise 

Given A £ A'^V , A = — 1/2 Aije^ A , the Pfaffian of A is defined to be the number, 

Pfaff(A) = t})le^i-i^Ai,,^ . . . Ai,^_,i,^. (B.3) 
By making use of the Berezin integral, one may also write this as, 

Pfaff(^) = r(e^) 

^mg^-^e'Aij0\ (B.4) 

The exterior algebra satisfies, for the top wedge product, 

dx^i A • • • A dx'"'" = e^i-^™(ix^ A • • • A (ix"", 

= j (^'ee^'^ ...e^'"' dJ^x (b.5) 



the second equality follows from ( |B.1| ) and we have chosen the orientation 

dTx = dx^ ... dx"". (B.6) 

Consequently, for any top form 

f = U,...f,^dx>''...dx>'-, (B.7) 
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we have 

f=(^J <re f^,...^^ . . . r™) <rx. (b.s) 

So far we have not included the notion of a metric. As it stands in Riemannian 
geometry e is a density and not a tensor. Fix on a metric g^u- Now one sees that e/y^, 
where g = detg^u, is a tensor. We introduce a new measure for the Berezin integration 

f = J d^ig{9) U,...^^ . . ^d'-x, (B.9) 

so that d^g{9) = d^O/^, or put another way 

dfig{9)9^'K..e^"^ = — . (B.IO) 

V 9 

The more structures that are introduced on the manifold the more variations that 
are available on this theme. The first refinement is to consider manifolds of dimension 
2m that come equipped with a complex structure. In such a situation we can refine the 
formula (|B.8|) for forms of degree (m, k) 



9 = 9h...i^ .h...j, dz'^ . . . dz'- dz'^ . . . d-z'\ (B.ll) 

to 

g=(^j d™e5/,..7„J,..J,^'^..^''-) d^^zd-z'~K..d-z'~K (B.12) 

Our interest is in hyper-Kahler manifolds of real dimension 4n, where we are assured 
of the existence of a holomorphic symplectic 2-form e 

e = -^^eijdzUz-' (B.13) 

which is non-degenerate, e" 7^ 0. The inverse matrix e^^ is defined by e^^exj = (^j- 
The analogue of ( |B.5| ) is 

dz^K..dz^^^ = e-^i-^2n^^i __^^2n 

' J d^''r]r]^K..ri^^"^ d^'^z. (B.14) 



Furthermore we have the definition 



det (e) 



(B.15) 



so that 



dz^^...dz^^" = e-^i-^2n pfaff (e) . . dz^n 

= e-fi-^2n e". (B.16) 
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Thus the analogue of (B.12) for (2n, 0) forms is 



/ = (/ d^''vfh...h^ V''--- V''") d^^'z, (B.17) 

but, since we have the holomorphic symplectic 2-form at our disposal, we have the 
analogue of the metric dependent measure (|B.9|) 



f=(^J dijiin) fi,...i,„ v''--- V''") e". (B.18) 

The new measure (we do not exhibit the e dependence in the measure dfj, which therefore 
should be, more correctly, denoted by dfj.^) is 

The isomorphism between TX^^''^^ and TX^^'^'^ means that we also have the follow- 
ing, anti-holomorphic, 2-form 

e = ejj dz^ dz-^ = ^/^J '^^^ ' ^^'^^^ 

Hence, 

d/i . . . = /i-^2n pfaff (e) dz^ ... dz"^"^ 



B.l Normalization of Zero Modes 

The normalization of the path integral measure for zero modes that we adopt is best 
stated in the following manner. For each Grassmann valued section of fp^V, denoted by 
T]^ we demand that 



j d^i{ri)e-W^iJ'l^ = 1. (B.22) 



This is in contrast to the more standard measure, that is used above, for which the 
integral over the zero modes is normalized as 

j d^'^Tie-W^iJV^ = Pfaff(e), (B.23) 

and the relationship between the two is clearly 

d^'^T] = Pfaff (e)(i/i(r/). (B.24) 

One important property that we will make use of is a change of variables formula 

J dfiiv) f{eijn') = Pfaff (e) j d^^r^ fir]j). (B.25) 



56 



B.2 The Euler Class and Grassmann Integration 



Here we briefly review the construction for expressing the Euler characteristic of a 
compact closed manifold in a form which involves Grassmann variables and Grassmann 
integration and which is suitable to our needs. We recall that the Euler class e(E) of 
a real vector bundle E ^ X rank 2m, with a given connection A whose curvature is 
Fa = dA + A^, is defined to be the cohomology class 

e(^) = ^Pfaff(FA). (B.26) 

The Euler characteristic, x{E), of E is 

X{E) = f e{E). (B.27) 
Jx 

When E is the (real) tangent bundle, TX, of X, we will write Euler class as e{TX) and 
the Euler characteristic as e(X) = j-^ e{TX). Using the rules of Grassmann integration 
we see that the Euler class may be represented as 

<E) = ^ j d'^rje-haF^'^b, (B.28) 

Claim: The Euler Class for a compact closed Riemannian manifold X of dimension 2m 
is 

e{TX) = ^ (/ d'"^xd''"V' ei^^-^^^''^^''^''^^) d^'^x. (B.29) 

proof: 

The curvature two-form for the tangent bundle is 

= ^R'^'^^dxV 

= ]^e'"'e^PR,p^,dx^'dx\ (B.30) 

where e° = e'^dx^ is a section of the orthonormal frame bundle. By ( |B.8|) we have that 
top form part of the exponential satisfies 

Thus, 

e(rX) = d^^r^d^^^lje-^^'^^Mrr^^d^r. 



(2vr)^ 
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Let 



(B.33) 



and the Jacobian for such a change of variables is 



rj = det {ea^y'd^^'x 




(B.34) 



Making the change of variables ( [B.33| ) in ( |B.32| ) and keeping in mind the Jacobian ( |B.34| ) 
proves the claim. 

Claim: The Euler Class of a compact closed hyper-Kahler manifold X of real dimension 



The manifold in question carries a hyper-Kahler structure and so there is a re- 
finement for the Riemann curvature tensor that was explained previously. Fix on a 
prefered complex structure for X. Let be local coordinates and in the prefered com- 
plex structure let be the holomorphic and x^ be the anti-holomorphic coordinates. 
The Riemann curvature tensor, R^upai vanishes unless the pairs of indices (/^, i^) and 
(p, a) are of (/, J) or (I, J) type. Consequently, 



4n is 




(B.35) 



Proof: 



(B.36) 



Hence, the Euler class may now be expressed as 




(B.37) 



Since provides an isomorphism between T^'^'^^X and T^^-'^^X we may change variables 
and let 




(B.38) 



The measures go to 




(B.39) 



However 




(B.40) 
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so that the measure in (B.37) becomes 

d'^V' = V5 ri d^i{xa), (B.41) 

where we have relabeled the fields as = Xi ^^^^ "0^ = Xs- The exponent in (|B.37D is 

RijKLxWxixfTlxt (B.42) 

But, 

nijKL = RijKLTZTl, (B.43) 

so we are done. 

Note that to prove ( [B.35| ) we do not need to pick a prefered complex structure. It was 
expedient to do so here as this is the way the objects arise in the text. 
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